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ABSTRACT
The paper summarizes the properties of 3d transition metal impurities 
in simple metal hosts.
The microscopic models of Friedel, Anderson and Wolff are reviewed 
and the question of the formation of the magnetic moment on the impurity is 
shortly discussed. The structure of the Anderson model in the Hartree-Fock 
approximation and the correlation effects in the weekly magnetic limit when 
the Coulomb correlation energy u is smaller than the width A of the d-states 
is summarized together with the perturbational treatments of the model in the 
strongly magnetic limit u /A>>1.
The s-d exchange model and the Kondo effect /the logarithmic increase 
of the resistivity with decreasing temperature/ is discussed and the various 
approximations of this model are contrasted with each other. The relation 
between the Anderson and s-d exchange model is derived and the nature of the 
Schrieffer-Wolff transformation is analyzed, in particular the question of 
the polarization of the s and d states.
The experimental status of affairs is reviewed next, and the experi­
mental data obtained mainly on alloys of noble metals and aluminium with 3d 
elements are collected to answer the questions raised in the previous chapters. 
Experimental evidences on the singlet ground state, charge neutrality and on 
the single particle and many-body resonances are summarized. The question of 
the validity of the various approximations of the models is answered by com­
paring the experimentally found behaviours with theoretically derived formulas 
this comparison leads to the basic unresolved questions in this field.
Finally the latest developments in the theory is reviewed. These 
theories consider the Kondo problem as a typical case of the infrared diver­
gencies, and are based on scaling and renormalization group techniques, they 
may bridge the gap between the earlier theories and the experimental facts.
РЕЗЮМЕ
В работе изложены основные свойства переходных металлических приме­
сей типа 3d в простых металлических матрицах.
Рассматривается модель Фриделя, Андерсона и Вольфа и кратко обсужда­
ются условия образования магнитных моментов примесей.
Рассматривается математическая структура модели Андерсона в прибли­
жении Хартри-Фока, корреляционные эффекты в слабом магнитном пределе, когда 
корреляционная энергия Кулона /и/ меньше чем ширина d-состояний /А/, а также 
методом возмущения случай сильного магнитного предела, когда и/А >> d.
Обсуждается s-d обменная модель и эффект Конда /логарифмический рост 
сопротивления с понижением температуры/ и сравнены друг с другом разные мате­
матические приближения модели. Получается явное соотношение между моделями 
Андерсона и s-d обменной моделью и анализируется поведение трансформации 
Шриффера-Вольфа, уделяя внимание вопросу поляризации состояний s и d.
В последствии рассматривается современное положение этих проблем с 
точки зрения экспериментов. Собраны экспериментальные данные для сплавов из 
благородных металлов и для алюминия с Зd-элeмeнтaми, а также данные в подтвер­
ждение таких вопросов как синглеттное основное состояние, электрическая нейт­
ральность и одно- и многочастичный резонанс.
Проблема применимости разных приближений теорий решена сопоставлени­
ем экспериментальных данных с теоретическими результатами. Это сравнение дает 
возможность сформулировать некоторые фундаментальные и пока не решенные проб­
лемы этой области.
В заключение рассматриваются самые новые результаты теории. Эти тео­
рии считают эффект Конда типичным примером инфракрасной расходимости, они при­
меняют методы ренормированных групп и масштабной инвариантности. Эти теории 
могут устранить расхождение между результатами настоящей теории и эксперимен­
та ль ными да н ными.
2ÖSSZEFOGLALÓ
A cikk az egyszerű fémekben oldott 3d átmeneti fém szennyezések tu­
lajdonságaival foglalkozik.
A Friedel, Anderson és Wolff által kidolgozott mikroszkopikus model­
leket és a szennyezés helyén fellépő mágneses momentum megjelenését tárgyal­
juk. Vizsgáljuk az Anderson-modell Hartree - Fock közelítését és korrelációs 
effektusokat a gyengén mágneses határesetben, amikor a Coulomb korrelációs 
energia Ü kisebb mint a d-állapotok szélessége A, valamint a modell perturbá- 
ciós közelítését az erősen mágneses limitben, amikor U/A >> 1.
Az s-d kicserélődési modellt és a Kondo effektust /az ellenállás lo­
garitmikus növekedése csökkenő hőmérséklettel/ tárgyaljuk és összehasonlít­
juk a különböző közelítéseket. Az Anderson és s-d modell kapcsolatát vezet­
jük le és a Schieffer-Wolff transzformációt analizáljuk, különös tekintettel 
az s és d állapotok polarizációjára.
Ezután a kísérleti viszonyokat foglaljuk össze, és ай átmeneti fémek 
nemesfémekkel és aluminiummal alkotott ötvözetein végzett kísérleteket tár­
gyaljuk az előző fejezetekben felvetett kérdések megválaszolására. A szing- 
lett alapállapot, töltéssemlegesség, valamint az egyrészecske és többrészecs­
ke rezonanciák kísérleti evidenciáival foglalkozunk. A különböző közelítések 
érvényességének kérdését válaszoljuk meg a kisérletileg megfigyelt viselke­
dések elméleti kifejezésekkel való összehasonlításával, ez az összehasonli.tás 
elvezet a főbb meg nem válaszolt kérdésekhez.
Végül az elmélet legutóbbi fejleményeit foglaljuk össze. Ezek az el­
méletek a Kondó-problémát mint az infravörös divergenciák egy esetét tekin­
tik, és főleg skála- és renormalizációs csoport közelítéseken alapulnak, e- 
zek szolgáltathatják az átmenetet a korábbi elméletek és a kísérleti tények 
között.
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INTRODUCTION
The subject of magnetic impurities in nonmagnetic metals 
includes a rather wide range of alloys, the host can be 
a simple metal like copper or aluminium or a transition 
metal like palladium, impurities with an unfilled d or 
j shell belong to this cathegory. The great variety of 
different alloys leads naturally to videly diverging 
physical phenomena, and different models to account for
these observations. We do not survey all of them, but 
merely confine ourselves to simple but rather interesting 
cases where a strong correlation between theory and ex­
periment is most promising: we discuss the situation where 
a 3d transition metal impurity is imbedded into a simple 
(free electron like) metal.
The first experiments date back to the early thirties, 
v/hen a resistance minimum was found in certain pure metals 
at low temperatures, it became clear only much later that 
this effect is caused by a small amount of magnetic impu­
rities. The term "magneticn here derives from the suscep­
tibility measurements, which show a ^urie-Weiss behaviour 
in these cases. Impurities which have a temperate inde­
pendent Pauli susceptibility do not cause such drastic 
effect in the resistivity. As usually a rather small amount
of impurities can lead to well observable anomalies,
-7-
metallurgical faotors played a crucial role.
Nuclear magnetic resonance and electron spin resonance 
experiments have brought the question of polarization 
caused by magnetic field as well as of the dynamical 
properties of the impurities in the limelight. A simple 
model was constructed to account for the experimental 
observations, in this so called s-d model the impurity is 
represented by a spin operator with momentum
this spin interacts with the conduction electrons through 
an exchange interaction 3" • This interaction is weak, the 
dimensionless coupling constant 3- (BF) , where
©(£ Jis the density of the host conduction electron states 
at the Permi level, is of the order of o,l. Due to this 
weak interaction perturbation treatment was expected to 
work and to give reasonable answers to questions like pola­
rization, resistivity, specific heat, etc. The main interest 
was focused to impurity-impurity interactions, which play 
an important role even for concentrations as small as one 
atomic peroent.
An other line of approach attempted to give answer to the 
question of the existence of magnetic moment on the impurity, 
Priedel has first adressed himself to solve this problem 
using scattering theory; the models of Anderson and Wolff 
rely heavily on Priedels arguments. Рог single impurities the 
mean field approximation of the models was sucoesful in di­
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viding the impurities to magnetio and nonmagnetio accor­
ding to the ratio of two parameters, the Coulomb corre­
lation energy Li and the width A  of the d-states.
The models where also thought to be appropriate fore
3d metals, and although this problem is more complicated
• *
due to the d-d interactions, for s-d hybridization the 
models are appropriate starting points in band structure 
calculations. It also turned out, that the s-d model can 
be derived from the Anderson model when U is much larger 
than A •
A milestone of the development was Hondo’s observation, 
that a third order calculation of the resistivity in the 
s-d model oan account for the resistance minimum. In this 
calculation a term log (kT/D) appears in third order,
1) is the free eleotron bandwidth the next correction 
is of the order of -J-л (ef) lo^(^ /^) and it diverges at 
T- о . This so called Hondo effeot placed this problem to
the foous of solid state physics for a few years after 1964. 
Abrikosov and Suhl have demonstrated, that the logarithmic 
terms are the oonsequence of a many-body resonanoe appea­
ring at the Permi level and subsequent theoretical papers 
tried to determine the properties of this resonance; the
main goal was to achieve a good quantitative agreement bet­
ween theory and experiment*
A new line of approach dates back to these years this is 
called the localized spin fluctuation theory. According 
to this theory the apprearance of the magnetio moment is 
the consequence of fluctuations at the impurity site, this 
model which was supposed to work for nearly magnetio im­
purities, can also lead to anomalous transport, thermal and%
magnetic properties, and was in good agreement with the experi­
mental observations on certain alloys.
In parallel to the theoretical development more and more
alloys were demonstrated to have anomalous properties, they
were interpreted sometimes as Kondo, sometimes as localized
У
spin fluctuation effects. The jreíous classification of 
alloy systems which was based an the Hartree-Fock approxi­
mation has been extended, the notation of Kondo - or I£F 
alloys derived from this period. The overall confusion 
was enhanced by the faot, that the experimental results 
were heavily influenced by impurity interactions, and a 
nearly perfect agreement between theory and experiment was 
merely an antifact than a real progress. The theoretical and 
experimental state of affairs up to this point are reviewed
by Kondo ( 1969) and Heeger (1969), and later on by Fischer
/
(197o, 1971a).
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After 1969 the experimental development is characterized 
by very careful macroscopie experiments, which have sepa­
rated the effect of single impurities from spurious ano­
malies, resulting in a completely different overall pic­
ture than that appeared in 1969; this has forced the re­
examination of the theory. This renewal, however^ was also 
initiated by the expectation, that a final solution of this 
particular problem has a much broader aspect, and may be 
rather useful in other branches of physics, like cathalysis, 
chemisorption, etc. -
Is was realized that the main shortcoming of the classical 
"solutions" lies in the faot, that only one electron-hole 
intermediate state is considered in the approximations, 
this has required an approach to the problem based on a 
new physical concept. It v/as first used in other fields 
of solid state physios, like X-ray absorption where the 
response of an electron gas t о a sudden change in a well 
localized potential was investigated. The effect is an 
example of the so oalled infrared divergency; a spin ro­
tation is a typical case of this effect. The approach - in 
which an infinite number of electron-hole excitations are 
considered in the intermediate state - leads to scaling 
laws with the characteristic feature that the high tempe­
rature logarithmic behaviours change to simple power laws 
at low temperatures. It seems, that this approach has
cleared up the basic physics behind the s-d model, in spite%
of it still does not predict definite formulas whioh should 
match the experimental findings.
The experimental situation appears to be dear again,
(the main feature is that no real difference appears bet­
ween various alloys, and any kind of distinction is artifi­
cial ) , and complete enough to build up a phenomenological 
picture which absorbs all the main experimental features, 
a such kind of model serves as the back bone^of this review.
The discussion differs from what is expected from a review 
which should serve as a guideline for basic understanding
the dilute alloy problem. The accuse is our belief, that in 
this particular field of solid state physios theory and 
experiment is strongly correlated, and extensive mathemati­
cal calculations of simple models are still expected to 
have their echoes in experimentally determined behaviours.
We start with a short discussion of the basic microscopio 
models and the relation between them. The structure of the
Anderson model will be discussed in more detail in Chapter 3 
where the Hartre-Fock approximation and correlation effects 
in different limits will be examined. Chapter 4 is devoted 
to the s-d model, and we review the perturbational treat­
ments of the Kondo effect, the one particle intermediate 
state approximations and the variational treatments of the 
singlet ground state. The connection between the Anderson
- 12-
and s-d model will also be discussed in this Chapter,
Then we review the main features of the experiments and 
contrast the results of various macrosoopic and local 
methods with the theoretical situation, the structure 
of the discussion olosely follows the arrangement of the 
previous Chapters. This shall bring us to the sill un­
resolved basic questions in the field of dilute alloys, 
and Chapter 6 is then devoted to the discussion of the 
latest development of the theory which aims to solve these 
questions in principle without attempting to account for 
experimental details.
It would be impossible to give a full list of works 
which contributed to this field. We have selected those 
papers which we believe are the most instructive and 
contain an extensive list of publication on the parti­
cular subject.
The reference list of the chapter on the experimental 
situation is far from being complete, for. the reader 
who is interested in the details we refer to the review 
papers of Rizzuto 1974 and Grüner 1974.
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2. BASIC I.D DELS
In order to account for physical phenomena caused by a 
transition metal impurity in nonmagnetic, metallio host 
one should start with the electronic structure of the 
impurity atom and describe the interaotionuof this 
impurity with the host* In other words, one should 
find a basic set of wave functions for the collective 
conduction electron states and for the localized magnetic
orbitals, and afterwards to describe the interaction 
between them (this interaction is oalled the s-<A 
hybridization)* This procedure is analogous to the 
band structure calculations of transition metals, where
one starts with cl -electron and conduction electron wave 
functions. To acoount for dynamical processes it is 
however, not песеззагу to perform a complete ”ab initio” 
calculation of the electronic structure, but merely to 
find good and simple models which show realistic dynami­
cal behaviours. In the following we briefly describe the 
different basic models applied to this problem:
(i) Briedel's virtual bound state model 
(Briedel, 1956, 1958).
(it) the Anderson model ( Anderson, 1961 ) .
(iii) the Wolff model ( Wolff, 1961 ) .
-14-
2.1 Virtual bound state model.
Priedel (1958) has represented the impurity by a 
potential. For a given total momentum quantum number i 
the potential consists of a deep hole at the oore of
the impurity, and of a centrifugal potential barrier 
l(£ + -i)/r2 , where the distance r is measured
from the center of the impurity ( see figure l.J
In this potential hole a bound or resonance state can 
be formed. Here we deal with resonanoes, which are near 
to the Fermi level thus are only partially occupied 
be electrons rather than with deeply lying bound states 
which are full. If the resonanoe levels corresponding 
to the different spin directions are non-degenerate, a 
magnetio moment is forraéd at the impurity site. Consi­
dering a transition metal impurity of d - or j -type 
the resonance is characterized by quantum number { =2 
and { =3, respectively, later on however, we oonfine 
ourselves to 3d-transition metal impurities.The reso­
nance level has a finite width because the electron may 
jump from the potential hole to the metallic host by 
tunnelling through the centrifugal barrier. As the 
barrier increases with increasing i , relatively narrow 
levels are expected for  ^ 2. . Friedel has suggested a
very elegant description of' the resonance formation in
- 15-
terms of scattering theory. According to this the 
conduction electrons undergo a resonance scattering 
due to the processes in which the intermediate state 
is the resonanoe state. This resonance scattering oan 
be characterized by an energy dependent phase shift 
cf^  ^  (E) and the intermediate state by its density 
of states pe ^  (E) , where 6* denotes the spin index. 
These quanties are given by the form well known in 
scattering theory, as
and
(2.2J
J
where Д  is the width and E^ ^  the position of the 
resonance with spin direction & • Many of the physical 
quantities oan be expressed by the phase shifts, which 
can be treated phenomenologically, these results will 
be summerized in chapters 3 and 4.
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2.X Anderson model
Anderson ( 1961) has suggested a simple model,which 
is based on Friedens arguments, but allows direot 
calculations. In this model the metallic host is rep­
resented by electron bands with Bloch states ( in the 
following only one band is retained ) with energy £ 
for momentum к • The resonant states discussed by 
Friedel are treated as extra orbitals ; in the most simple 
idealistic case one orbital with two spin direction
iie g n e i ' j ieS _a_n<dI are »viea-furfc* - f г о н  hht Fermi et'et
<S~= +, - and energy is considered^ The transition
between this orbital and the conduction electron states 
with momentum k is represented by an extra term in the 
Hamiltonian, where the transition amplitude V . is 
introduced phenomenologically. Furthermore, Anderson 
has introduced an intraatomic Coulomb repulsion between 
two electrons at the localised level to reduce the 
probability of double occupation. This term plays 
an important role in the formation of a magnetic moment 
on the localized orbital and thereby in the raagnetio 
properties of the impurity as in order to be "magnetic” 
this orbital must be singly occupied. Collecting all 
the terms, the Anderson Hamiltonian is written in the 
following form
1
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Н = Г  f,U, б~
+. а.k k(j~ u, _ +к 1> ЕГГ ^  , о. , _ ~h cl dl íT ся. С] 2.3
+ Z, ( Ч-^ ак,<Г ^  ^ w 7  a rf5- + С;С +• и  1olt?- d.-(T 7
4— J-where а, and а, denote the creation operators of the
d<r
conduction electrons and the localized d-eleotrons res­
pectively with Spin <o , furthermore, n^  а
is the occupation number of the localized level, U  is
the interatomic' Coulomb interaction.
The mixing term has a strong resamblance to that used in 
band structure calculations where the transition between 
the d -orbitals and the conduction band is treated by 
introducing mixing matrix elements, ( Heine 1967 j • In 
the present case, the electron may stay on the localized 
level for finite time only, because iLt caa due to the 
mixing it will, sooner or later go into the conduction 
band, thus this mixing term determines the width Л of 
the resonance via the "golden rule" as
Л  - ТГ V 2)
(2.4)
I <-—where V х denotes an appropriate average of ! V I
К ct
and <pc C£a ) stands for the density of states of the 
conduction electrons in the host metal at the energy of
the resonance level. Using this width given by equation 
(2.4) the density of states of the localized level can be
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obtained from equation (2.1) •
The Anderson model in its original form given by equation
(2.3) does not describe the orbital degeneracy of the 
d -level, therefore it has been generalized in several 
steps. The most general form of the Hamiltonian is as
follows
H - z
к cr <5^ k,m,rr+ L  К -  a
4 c•CJ
+ 2-> h n , U- ^  5" h ^ Vo,tv} ' »v> — g- ' - ^ П2- •»б' m'cr (2.5J
У ^ J , a fn<r -r ^  ^  -f —  <N +(с г ч у U J  -fie Id Jz ^ r ь,'-<г »ъ'сг^  г т с^г »'-б' V^4- J ; J J
where the index m  labels the different d —orbitals, tf* 
is the intraatomic exchange integral between two different 
orbitals. The "crystal field" terms responsible for the 
crystalline splitting caused by the non-spherical sym­
metric crystalline surroundings are not given explicitly,
Ybecause for d -electrons they probably can be neglected. 
In the second and third term in the right hand side of
x
Note
This is not necessarily the case for f -electrons, 
where the crystalline splitting has a larger effect, be­
cause of the very narrow resonanoes.
I
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equation (2.6) the degeneracy has been taken into account 
by extending the summation to the different orbitals. The 
fourth term describes the Coulomb repulsion between two 
arbitrary electrons with opposite spin. Similarly, the 
fifth term corresponds to the Coulomb interaction between 
electrons of parallel spin on different orbitals, and it is 
completed by the intraatomic exchange interaction. The
next terms do not occur in the original paper of Anderson 
(1961) . As it has been recognized later by Caxoli, Caroli 
and Predkin (1969), the previous terms are not invariant 
under a rotation in spin space and in order to restore this 
symmetry they added the next term. Finally, in a similar 
way, Dworin and Narath (197o) noticed that the Hamiltonian 
is still not invariant under a rotation in coordinate space 
and they completed it by the last term.
i’et'era^  °f,
As it will be discussed later ön^fche results are modified 
compared with the nondegenerate model in such a simple way 
that formally ^ is replaced by Ц. + k 1 in the final formu­
lae. The quantity U+A-f can be considered as an effective 
Coulomb integral and later where if does not lead to mis­
understanding it will be simply referred to as Coulomb 
integral.
The essential feature of the Anderson model is that by 
introducing extra orbitals one arrives at a dynamical model 
which fits Friedel’s picture perfectly well as far as the
-20-
the formation of the virtual bound is state concerned. 
Conceptionally, however there is a serious difficulty, 
namely the translationally invariant oonduotion electron 
wave functions form a complete set, thus the extra orbitals 
are not orthogonal to this set. Similar orthogonalization
problems appear in the different band structure calculati­
ons for normal and more seriously for transition metals 
(Heine 1967) • However, in the present oase this non-ortho- 
gonality is not expected to influence essentially the dyna- 
mioal properties, but they might rather show up in compa­
rison with ab initio calculations* As the Anderson model 
us usually used to investigate the dynamical behaviour of 
the impurity, this orthogonality problem is rather academic 
in that oontext.
2.3 Wolff model.
Another simple model has been constructed by Wolff (1961). 
The electronic states are restricted to a single band de­
scribed in terms of Y/annier functions localized at atomic 
sites. The impurity potential is represented by the Wannier 
function centered at the impurity site ь • The width of the 
energy band is determined by the hopping matrix elements 
J ij. between Wannier functions oentered at site i and 
} • The matrix elements connecting the impurity orbital
to the host states, are different from the hopping matrix
I
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element between the host atoms. Finally, similarly to the 
Anderson model, a Coulomb repulsion U is introduced which 
acts between two electrons with opposite spins at the im­
purity. The Hamiltonian is given as
where oi((_ is the oreation operator of an electron with
where the impurity site is labeled by о .
This model has strong resamblance to the Anderson model 
discussed before, which is obvious if in the Anderson model 
the conduction electron wave functions are transformed to 
Wannier representation (Rivier and Zitkova 197o) involving 
all Of the conduction bands, though, in the Wolff model 
only one band is considered.
The most attractive feature of the V/olff model is that no 
extra orbital has been introduced for the impurity. Other 
serious conceptional problems must be raised, however e.g. 
the impurity orbital is not well localized as it is repre­
sented by a Wannier function, contrary to the Anderson 
model, where the localized orbital is constructed using
+ V2, norr- (2.1)
spin 6" and orbital centered at site i and
several bands
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The dynamics in the Wolff model shows a behaviour similar 
to that found for Anderson model which will discussed along
this paper(We.g. Appelbaum and Penn 1969,1971 ) , however 
there are essential differences as well (see e.g. Fischer 
1971b). The differences can be demonstrated on the following 
example of the electrical resistivity. In the Anderson model 
if the transition rate from the conduction band to the im­
purity level, tends to zero a free electron band is
obtained which is not coupled to the impurity level and the 
impurity resistivity is vanishing. In the Wolff model, how­
ever, taking the hopping matrix elements T to and T0- 
which connects the impurity level to the other electrons 
to be zero, a large impurity resistivity most be expected, 
because the conduction electrons should go around the im­
purity atoms а м Ы » д м м й я 11а м м и ш м я и в • In this sense, a 
oareful analysis of the applicability of the Wolff model 
is needed, whioh may result in a better understanding of 
the theories obtained in this model (e.g. Kaiser and Doniach 
197o) .
%
2.4 Estimations of the basic parameters of the Priedel 
and Anderson, models.
In order to estimate the width /1 , Anderson and
McMillan (1967) performed an nab initio,f calculation 
starting with the touffin-tinM idea (see e.g. Ziman 1912) 
worked out for band structure calculations. In this me-- 
thod atomio wave functions are used inside a sphere sur­
rounding the core of the atoms and free electrons out­
side them. A special matching condition was elaborated 
in the augmented plane wave (ÁPWJ method. Anderson and 
McMillan adopted this method to the single impurity prob­
lem, where atomic wave functions are used inside the 
muffin-tin sphere of the impurity and free electron wave 
functions outside. As in the APW method, one determines 
the phase shifts of the conduction electrons scattered 
by the atomic core inside the sphere. Such a calculation 
fits perfectly Friedei’s description sketshed briefly in 
section 2.2. By making use of the Priedel sum rule to be 
discussed in section Anderson and McMillan have de­
termined the extra density of states localized at the im­
purity site in terms of the energy derivatives of the phase 
shifts, ^ • By calculating these derivatives
^Лр(Е)у
Э the additional denéity of statesTproduced by
'э'е
the impurity in the free electron gas can be obtained by
the formula
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I Q J7 (r;
where the summation goes over the different angular momenta 
and the faotor (2t* \) is due to orbital degeneraoy. TheCu.
actual calculation has been performed for Fe impurity^and 
yiels the density of states given in figure 2., in which 
a pronounoed resonance is formed with width of 1-2 eV.
This value of the width allows us to determine the average 
value of the mixing amplitude of the Anderson model
by equation (2.4,) • The position of the resonance is about 
lo eV measured from the bottom of the conduction band and 
therefore the resonanoe oan be found in the neighborhood 
of the Fermi level. One cannot calculate the Coulomb integ­
ral by considering the atomic orbital in a simple way, be­
cause the Coulomb interaction is strongly screened by the 
conduction eleotron. This screening may reduoe it's value 
essentially to 1-3 eV (see e.g. Herring 1966J while the 
integration of atomic wave functions yields about lo eY. 
Furthermore, using the estimation ^  ~  o,5-l eV we get 
effective Coulomb integral 5 eV.
3 . BASIC RESULTS IN  TEE AiTPERSON ;iQDEL
All the three models discussed until now are capable to 
describe the resonance formation due to a transition metal 
impurity embedded in a metallic host. Since from the 
physical point of wiew the Anderson model is nearer to 
the situation we are interested in than
the Wolff model, and can be treated mathematically more 
exactly than Friedel’s description, in the following we 
restrict our discussion to the analysis of the Anderson 
model. It should be pointed out, however, that the dyna­
mical properties of these models are very similar, for
example the localized spin fluctuations ( LSF) which will 
be discussed later exhibit similar features in the Anderson 
and Wolff models ( Appelbaum and Penn 1969, 1971^ •
First let us discuss two limiting cases of the Anderson 
model. In one limit the broadening of the localized level 
can be neglected compared to the Coulomb interaction, i.e.
/1 c< and .if the impurity level is below
the Fermi level (£<* < °) it is at least single occupied 
in thermal equilibrium. Assuming that there are two elec­
trons on the impurity level the total energy due to the 
Coulomb repulsion becomes Z ■+ U. ■ .If Z + Ц < o  
the level is doubly occupied and the magnetic moments of
the two electrons localized on the impurity compensate each
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other thus the Impurity is non-magnetio. If on the other 
hand, 2£а + и>0 then the impurity is singly occupied and 
a magnetic moment is formed with spin + 1/2. We will be 
interested mainly in the latter case where the impurity oan 
be magnetic.
The other limit of considerable interest is, the situation 
when a broad resonance level is formed at the Fermi level 
and the Coulomb energy is relatively small compared to the 
width of this level, i.e. U  ^  ^  . In this case,
the Coulomb energy U being small can not modify essentially 
the density of states related to the localized level.
Thus the impurity is partially occupied with spin up and 
spin down electrons. This state is obviously non-magnetio, 
only the fluctuation in the occupation number^ for diffe­
rent spins oan result in magnetic moment formed temporarily 
for a short time. This phenomenon is known as localized spin 
fluctuation, LSF.
Changing the relative value of the parameters A) U. and 6^ 
between these two limiting cases the magnetic limit goes 
over continuously to the nonmagnetic one. The Hartree-Fock 
HF approximation ( Anderson 1961 ) leads to a sharp tran­
sition between the magnetic and non-magnetic cases since
"ЫЛш it corresponds to the approximation tírj’ a statio mean- 
-field theory neglecting fluctuations.
ч
In the present chapter after referring to some general 
features of the theory we are going to discuss 
(Д) the Hartree-Fook approximation,
(ii) the localized spin fluctuation considering
electron-hole and electron-electron correlation,
(iii) the perturbational treatment of the Anderson model 
in the large U/д limit, and finally
(iv) we list a series of arguments valid generally 
in the Anderson model*
3*1 General structure of the Anderson model.
The Hamiltonian can be given by equation (2*3J in the 
simplest oase with only one localized orbital where there 
are two different interaction terms, the s-d mixing charac­
terized by the transition rate and the intraatomio
Coulomb repulsion U. . As the first of these interactions 
is quadratic in the operators, neglecting the Coulomb re­
pulsion U  . the Hamiltonian oan be diagonalized exactly* 
In the case U=0 the conduction electrons can be elimina­
ted by introducing a broadening for the localized level*
This broadening can be given by
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where the bar over I Vkd I means an average over the 
directions of к . Thus A is proportional to the density of 
states of the conduction electrons at E , » which in turnct I Cy
may depend on the spin direction and will be determined 
later. Usually ^0(Ed _) is replaced by the density jöo , 
taken at EF . In this way at ao>e way
TTit~~? the one-particle Green's funotion for the extra or­
bital can be written at zero temperature as
(6o -t-1£) = со - Ed.6- A
£ -2> +0
(3.2)
where the index о reflects the fact that the Coulomb 
interaction has not been taken into account except for the 
fact, that the position of the resonance ^ depends on 
U . The density of states of this single orbital, which 
can be obtained from the Green's funotion of equation 
(3 .2 ) as
(o) 
.P at, er
<o) 4 A
г  (w+,'e J * г  (3.3;
has a simple Lorentzian form for U-o .By comparing this
formula with equation (2.lJ, the connection between the
Priedel's resonance theory and the Anderson model can be
demonstrated. It is important to note that this density of
states is normalized to unity, this normalization is not
changed by including the effect of the Coulomb interaction,
чi о e.
(3.4)
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f«) = j f w d
The impurity Green's function, and in particular its spec­
tral function the density of d -states is of
primary importance, as the various physical parameters are 
determined by this quantity,,
First of all, we will consider that part of the one elec­
tron scattering amplitude in which only one electron is in 
the scattered state and the spin is not changed during the 
scattering process. As the conduction electrons are directly 
involved only in the mixing interaction, considering an 
arbitrary one-electron scattering process the first inter­
action is a transition of the conduction electron to the 
localized level and the last one is the reverse process.
All the processes in between can be related to the behaviour 
of the broadened localized level, which can be bescribed by 
the localized level Green's function (j ^  ^ (prenormalized 
by the Coulomb repulsion.
Thus
к к ! ст fco )
= Кle űt СJ cl, l U }  Ku' (3.5)
fthere 4: is the non-spin-flip scattering amplitude
К 1c J ^
of the conduction electrons with incoming and outgoing
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momenta к and k^ •
Taking the imaginary part of equation (3*3)one obtains
1 hi 4:. __ ( 60 J eк к ; b 1 " i j V ol, 6" (3-6j
i.e. I^ -fc is entirely determined by the density ofк к, ÍT
states of the d-level*
This equation plays a central role in the dilute alloy 
problem because according to the "optical theorem" the 
total scattering cross section is proportional to the ima­
ginary part of the forward scattering amplitude -fc ^  ^  (co^ 
and therefore it is proportional to p j •
This connection is the reason of the many theoretical 
attempts which have been made to calculate the renorma­
lized density of states of one localized level* This re­
normalization in spite of the apparent simplicity of the 
corresponding term U  Y) in the model, is still
missing for finite Coulomb interaction and no reasonable 
approximation is known yet which workd for arbitrary 
Coulomb energies. The approach as outlined above treats 
first the mixing between the d- and conduction electron 
states, and then includes the effect of the Coulomb inter-
■kli us
action,^ clearly this procedure should be more appropriate 
for small U values.
ч
Finally it should be mentioned that if we were to consider 
the more realistic case where the d-level is fivefold 
degenerate and the Hamiltonian is given by equation (2.3) 
then we should take into account the symmetry of d-level 
(-£=2). Due to this symmetry the product V^k, occu-
ring in many formulae (see e.g. equation 3«5j has an 
aneular denendence
' V' ,= У 2 Т  C'« v'(^уЛ Л  У / Л )Ud dk ы = * c
у  ^  [s 1 к «■ S p W e г 11 cx i horw о rí I cs (3 • TJ
where V  is the Legendre polynomial^ ( is the angle
between momenta l< and k 1 ^  and V is the transition ampli­
tude. Furthermore, according to equations (3*5)and (3*7) 
the scattering amplitude can be given in the following form
-t (со) * -t fcoj T  ( \ , )r k k ’ 1 = 2 ь  2 uw j 1 (3 *8 J
where -fc (w)denotes the partial scattering amplitude for 
angular momentum Í 1
3 . 2  Hartree-Fock treatment of the Anderson model
In the Hartree-Fock approximation (Anderson 1961 ) the
effect of the Coulomb interaction is taken into account by
an ’’effective field" which results in energy shifts
E . - S. but does not alter the shape (Lorentziandt,6- d-
for Li s °) 0f the levels. These shifts should be deter­
mined in a self-consistent way allowing for different
occupation of the levels
Let us restrict our treatment to the most simple case 
given by equation (2.4) with two levels <3 = ± 1 
The occupation numbers are expressed as
<  a aS- > =
<*)© ( со) cA соJ ci,G"
-1
ТГ CO
— со 
.60
where the energy^is measured form the Fermi energy and 
equation ( 3.3)has been applied. The averaged Coulomb field 
acting on the level 6" is U. , thus
E  = £ , + U  < % „ ■ >
öL,6- ( з л о ;
Inserting these results inio equation two coupled
equations are obtained
<  n  >  - —  C o \
ct-h ^ lb
-1 <^ d + U  < >
<?.hci
<’" d - > = 4 rC o í  ' Í +
C3.li)
Depending on the relative values of the different para­
meters ^ U , Д  this system of equations may have a single 
Solution, with 'y in which case the impurity
m «.(Ad'iLim t
is non-magnetic, or^two symmetrical solutions with 
< ^ + and then the impurity is magnetic. For U=0 the 
trivial solution E . = £, corresponds to a non-magneticofi<5~ со
state. Increasing the value U the impurity remains non-mag- 
netic and at a critical value of U it becomes magnetic. 
Equation (3.11)can be solved by graphical method plotting 
> against < 0 ^ ^  using the first equation end vica
versa, the crossing points of these curves yield the so­
lutions. Two typical diagram is given in figure 3^ using 
parameter values L/^ k = ^ ^d ' ~ and U / Л - i , * ~
respectively. The magnetic and non-magnetic regi­
ons of the parameters are plotted in figure 3/6.
The boundary line separating the magnetic and non-magne 
tic regions can be derived in a simple way. Let us suppose 
that the occupation number at a given point of the boundary 
is n • By increasing U. one may get a solution in the 
form < n , N nr + cfn <n . ч - n c - cín . This solu-d t 7 c ' d ~ '
tion must satisfy equat ion ^3 .11 ) in this point in fin i- 
tisimal small cTn. thus nc must be a solution of the 
derivative of equation (,3*7)
i -
u
тгл d +
7, (3.12J
This result can be rewritten by using equation (3«3Jas
3.13
and shows that a system is more likely magnetic if the 
density of d-states is large at the Fermi level. Thus the 
most favorite case for formation a magnetic moment is that 
where the impurity levels of Lorentsian shape are half 
filled by electrons (*e.g. as we shall see later Mn in Cu). 
Furthermore, if the impurity levels are nearly empty or 
almost completely full then the impurity is more likely
(о)non-magnetic as G> (о) is relatively small. ThisJ d, G~
condition can be obtained immediately by considering the 
balance of the "kinetic energy" increase and the interaction 
energy gain near the boundary. Since due to a polarization 
Ис ± cAu the kinetio energy increases by 
p (Vn) this condition has the form
(cfrv) f Ц j^c-</V»J(nc
which is equivalent to equation (3*13 J • The relation de­
rived here has the same form as the Stoner condition ob­
tained for the magnetic instability of an electron gas
(Stoner 1938 ; 1 9 3 9 ).
Similar consideration can be applied to the fivefold de­
generate case £=2 as well where the levels are labeled 
by quantum numbers m=-2, -1, 0 , 1, 2. In this case, how­
ever, there might be two different kinds of magnetism, spin 
and orbital one. Рог spin magnetism the different levels are 
equally polarized and thus near the boundary < n , - \ =
i\±d"n for arbitrary m  • Ey repeating our previous 
reasoning for the Hamiltonian given by equation (2.5)one 
finds that the last two terms of the Hamiltonian do not 
contribute to the HP energy, because they are off-diagonal, 
thus the condition of spin magnetism is
(u + 4 } ) (0 ) > J
13-14)
Por the investigation of orbital nj^gnetism we take as a 
sipmle example an impurity with twofold orbital degeneracy.
- 35 -
Orbital magnetism appears if the populations of the two 
orbitals are different, but this difference is spin inde­
pendent, Denoting the orbitals by 1 and 2, cf nл<5- = -cTn. f
for arbitrary <5~ and <o' . The condition necessary for 
orbital magnetism can be obtained in a simple way, as
( U -  3 ) (3.15)
As the exchange integral If is positive one can immedia­
cy
tely see^comparing equations (3,14) and (3*15) that the 
occurance of spin magnetism is more favourable than that 
of orbital magnetism, furthermore, spin magnetism is more 
likely for a degenerate orbital than for a nondegenerate
one
In HP approximation several quantities con be expressed 
in tterms of phase shifts which are the key quantities in 
Priedel’s theory. The requirement that the conduction elec 
tron scattering amplitude can be expressed by phase shift 
in an angular momentum channel ( is that the scattering 
be elastic and only the one excitation channel without
spin-flip be effective. This is an extremely strong condi- 
tion;it is, however, satisfied in HP approximation because 
the dynamioal effects are excluded. The phase shift is 
related to the scattering amplitude as
1
Vi<?
i Oin cf (со) e (3.16 J
-.3 6-
Vv-here i is defined by equation (3.8,). The phase
(ГI
shifts depend on energy and in the magnetic case on 5"
as well. By considering equations (.3*16) , (3*8) , (3«3J
and (3.1) the phase shift can be expressed as
cf (<*> )- с о 4
C 3.4*)
where the last equality follows from equation (3*9 ) . It is
which relates the phase shifts to the number of electrons 
screening the excess charge of the impurity. In the present
case, the Priedel sum rule is satisfied by considering only 
the electrons on the impurity level.
The ionic charge 2  of the impurity ion measured in electro­
nic unit, must be screened by the electrons on the impurity 
level and by the conduction electrons. However, according 
to our previous result the conduction electrons do not 
contribute to the Friedel sum rule, therefore, the screening 
is entirely due to the electrons on the impurity level.
Thus, the condition of screening is
where the orbital degeneracy is responsible for the factor 
of five and equation (3.9) has been applied.
special case of the Priedel sum rule (see e.g. Ziman 1953 )
(3 *18 )
The condition of screening occurs in the mathematical schema 
in the following way. In the Anerson model the quantities 
Vj ^, tJ and J can be obtained at least in principle by 
calculating the electronic structure of the impurity 
and they are more or less independent of the particular 
id-impurity in the same host. In contrary to these quantities 
the poea Lion of the d-lcvel £ ^ strongly depends on the occu­
pation of the d-level, thus on the charge of the impurity 
ion-.- The impurity ion produces a strong. Coulomb field which 
shifts the value of £  ^ in such way that the ion is completely 
screened at the impurity site. This screening can be for­
mulated as a self-consistant condition to determine the 
position of the d-level £ ^.
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Let us turn to the discussion of the magnetic polarization 
of the impurity. The magnetic moment of d-electrons can be 
expressed in a way similar to ^3*18) by the number of d- 
electrons•
i .
M  '/“ e Z  (< + > - < ”d m .'>] = t3,l9)
= 5  ^ C ^ - )
where is the Bohr magneton. Thus, in HP approximation
the magnetic moment localized on the d-level is proportional 
to the difference of the phase shifts. Furthermore, it is 
important to point out that the conduction electrons are not 
essentially polarized as it has been shown by Anderson(1S61J* 
Thus, the s-d mixing term may lead to a polarization of the
conduction electrons which is parallel to that of the d- 
electrons, because the polarized d-electrons can jumpt to 
the conduction band and vica versa, this effect is, however, 
compensated by the energy shift of the conduction electrons 
caused by the presence of the resonance ( Anderson*s 
”compensation theorem’’^ . In other words, the conduction 
electron-impurity scattering does not change the total con­
duction electron density of states in the region of the 
Fermi level, provided the scattering is independent of the 
momenta of the conduction electrons and the band is symmetric 
to the Fermi level. The fact that these assuptions are 
fulfilled approximatly only does not change the compensation 
M* drastically. Thus, in the HF approximation the magnetic 
moment is completely localized on ^ the d-level.
The magnetic susceptibility cnn be calculated by using
*
the expression (3»19jand one arrives at a Curie-like tern-
'L ^
perature dependence И / I • This result may be modified 
going beyond the HP approximation, however, a clear dis­
tinction between magnetic and non-magnetio limit can be 
made on the basis of the HP approximation.
The density of states of the d-level is entirely different 
in the non-magnetio and magnetic limitr. In the non-magnetic 
limit a simple Lorentzian density of states is obtained 
which is filled in by electrons to the same energy for both 
spin direction;. In the magnetic limit, however, according 
to equation (3«loJ the positions of the two Lorentzian 
levels are different and
d  ( < * _ . > - < * , > )  _ (з.го)
The density of states for different spin directions is 
shown in figure 4., where the occupied regions are shaded 
in different ways for spin up and spin down electrons, the
total density of states
9d,i O to I (CJ) СО (со) + p (v) (3.21J
is represented by the dotted line. The separation between the 
se peaks is proportional to the Coulomb energy and to the 
magnetization, see equations (3*2o) and (3*19 ) •
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At zero temperature the impurity resistivity 7? is propor- 
tional to fd since the cross seotion for the con­
duction electron!) is expressed by the forward scattering 
amplitude (optical theorem) which in turn is given by 
equation (3*6). Summing over the spin directions fcaintfos W  
—  4-4 ли. the electrical resistivity has the form
where is the Fermi momentum and e is the electronicF
oharge.
Applying this formula to interpret the experiments the 
eleotrical resistivity can be used to obtain information 
on the structure of the d-level. One can distinguish bet­
ween non-magnetio and magnetic cases by measuring the re­
sistivity as a function of the atomic number of the impu­
rities (Friédel 1958) • Similar situation can be expeoted 
for the amplitude of the charge polarization around an im­
purity and this effect will be discussed in chapter 5.
It is very important to emphasize that these conáiderations 
are valid only in the HF approximation. At low temperature 
strong correlations in the neighbourhood of the Fermi energy
might give rise to an essential modification of the HF
Г
4 ТГ e
results.
As it will be shown later these correlations might be 
suppressed by increasing the temperature, thus one may 
expect that the HF situation is a good approximation at 
high temperatures where the different quantities depend 
only slightly on temperature, as l< Г is always negligible 
compared to U. and A  • Therefore Priedel's argument on 
the resistivity holds only in the high temperature region 
and at low temperatures intensive many body effects oan be 
expected.
in the following we speak about magnetio or non-magnetic 
impurities depending on whether the total density of sta­
tes is well split or non-split, the relation of this be­
haviour to the magnetic properties has been shown before* 
The case, where there is only a relatively small splitting, 
will be referred to as intermediate case. The aim of the
next section is to study the effect of correlations in the 
limit where (A «  A  j the magnetio limit will be the
subject of chapter 4.
3 . 3  Correlation effects in the non-magnetic limit
In the non-magnetic limit the position of the resonances 
and the occupation numbers are independent of the spin di­
rection СГ . The results of the HP approximation are not 
different from the Ц-0 limit, except that the position of 
the resonance level is shifted by U\nR>. Correlation effects
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due to the Coulomb repulsion appear only beyond the HP 
approximation. Two types of correlations may occur consi­
dering the localized level: electron—electron with total 
spin and electron-hole with spin S-d • In diagrammatic 
representation these correlations can be characterized in 
lowest order by the first order vertex corrections con­
taining two parallel or two antiparallel lines, respecti­
vely. These diagrams are shown. In figure 5., where the 
solid and dotted lines represent the electrons and the 
Coulomb interaction, respectively. The strengths of the 
different correlations depend very muoh on density of 
electrons n = <»v>, therefore the disoussion is split 
into two parts (i) low density n « i limit (whioh is 
equivalent to the high density limit n^d due to electron- 
hole symmetry), (ii) symmetrical case when n= 1/2 .
(i) low density limit
As it has been pointed out by Schrieffer and Mattis(1965) 
in the low density limit the electron-hole correlation oan
be neglected, because the amplitude of any process in 
which a hole is involved, is proportional to the probality 
of creation of a hole thus to the density of electrons 
which is a small quantity n«  A . Therefore, the amplitude 
of any correlation effect, in which electron—hole pairs
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are involved, is•negligible compared to processes in which 
two electrons are interacting. In diagrammatic representa­
tion only the eleotron-eleotron ladder diagrams shown in 
figure 5/b. are important, According to Schrieffer end 
Mattis(1965 ) these eleotron-eleotron correlations can be 
taken into aocount by introducing an effective Coulomb
ri <e' e)interaction, U which is the sum of a geometrio series
corresponding to suooessive eleotron-eleotron scatterings. 
For zero frequency this interaction has the following form
u ( e - e )
*4 + T ^
where • Furthermore, the condition for the formation
of magnetic moment is
u <n C >(0)> '1
which is similar to the condition obtained in HF approxi-
'IIraation (see equation 3«13 ) but U is replaced by U- •4 ' «fr
Inserting the expression of given by equation (3.3)
it is easy to see that this condition is never satisfied.
Therefore Schrieffer and Mattis concluded aw that at least
in the low density limit the correlations are of extreme
-fluctuations
importance, as the can prevent the system from
a transition to the magnetic limit. For degenerate d-levels
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however they have found that aliftough the condition for 
magnetic transition is weaker than in HP approximation,the 
formation a of magnetic moment is still possible, because 
the exchange interaction tends to align the spins,
(ii). symmetrical case
In this case the position of the localized impurity level is 
symmetric with respect to the Fermi level i.e. ^ = ^
• The problem in this oase is more difficult
than the previous limit, because both channels are of equal 
importance. In spite of this a large number of theoretical 
works are based on the supposition that the dominant corre­
lation is the electron-hole one as the formation of magnetic 
moment is the result of this correlation effect. A detailed 
analysis of these theories is given by Mills, Beal Monod and 
Lederer(1973) ? the present discussion will be restricted only 
to the main ideas.
The dominance of the electron-hole correlation has been first 
suggested probably by Suhl (1967J and many details have been 
worked outaby him and his coworkers /Levine and Suhl 1968; 
More and Suhl 1968; Levine, Raraakrishnan and Weiner 197o) • 
Lederer and Mills (1967 J presented a similar theory which 
closely follows their previous work (Mills and Lederer 1966)
,U/tie re j
on nearly magnetic metalsy^they call the dominant electron—hole 
correlation as localized paramagnon. Concerning measurable
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quantities the most detailed version of this theory called
(LSF)
the localized spin fluctuation theory has been presented 
by Rivier and Zuckerman (1968J and by them and Sunjio (1968 
they have even made an attempt to find equivalence between 
this problem and the Kondo effect.
The mathematical treatment is similar to the theory of 
Schrieffer and Mattis (1965) discussed previously, but here 
successive electron-hole scatterings are considered thus the
electron-hole ladder diagram are summed up. Here again, an
fe-hjeffective Coulomb interaction U. .. oan be introduced as*ff
U Ce'4   _- — —  СЗ.2 5 ;
4 -  u ? ” (o)
By comparing this formula with equation (3*23 ) one finds an 
essential difference namely in the sign appearing in the 
denominator. This formula describes an enhancement of the 
interaction and diverges as the HP instability given by
equation (3.13j is approached. A further important consequence 
of this theory is that at low frequencies со the dynaraioal 
susceptibility of the electrons on the d-level ^  ((o) 
exhibits a peak which is narrowed due to this enhancement 
and can be written in the form
- -i ---  t-r
7 " Co + i . v (3.26;
0
where T* is called the life time of the localized spin
fluctuationsf It containts the enhancement factor (i-Uror)(o))J d.
as
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c°)
■i и (°J
1 - и fj°’ (о) ' &'21)
The most important consequence of this echancement 
is the deformation of the density of states £>d [DJ 
in such a way that the second derivative of 
taken at со - о is enhanced by the factor ({ - U pjo)(o)) 
furthermore the temperature and energy dependence 
is similar to that of a Lorentzian resonance. Using 
equation (3.6) similar results can be derived for the 
imaginary part of the forward scattering amplitude,
as well. At low temperature this hehaviour leads
гto enhanoed,T -temperature dependence which occurs 
in several physical quantities. As these predicted 
temperature dependences and enhancements are in 
accordance with the experiments the localized spin 
fluctuation theory is believed by nany to be verj 
fied experimentally. Although since that time great 
attempt has been made, to clarify wheqther the 
eleotron-hole correlations dominate over the electron- 
■electron correlations, unfortunatly, only few papers 
have been published in this line. Beal-MonodyHurault and
Maki (l97o^ still preferred the paramagnon propagation, 
but they have concluded that the ladder approximation 
is not sufficient. Furthermore, Weiner (Í971) made an 
attempt to treat both channels i.e. eleotron-eleotron 
and electron-hole correlations simultaneously without 
arriving at a definite condlusion.
I
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Realizing the abovejmentioned difficulties lohe and 
Zawadowski (1972 ] have recently focused their atten­
tion to the symmetry properties of the symmetric 
Anderson model ( ^  instead of performing
concrete calculations. In this case the Anderson 
Hamiltonian given by equation (2,1.) can be written 
in the form
It is easy to show that the Hamiltonian H^ exhibits 
electron-hole symmetry if the conduction eleotron band 
is symmetric with respect to the Fermi level. According 
to Iche and Zawadowski ('1972J one oan perform an 
electron4hole transformation for one spin direction 
without any change in the Hilbert space of the other 
spin direction and then the Hamiltonian is invariant
under this transformation if one changes simultanously
the sign of the Coulomb interaction, as well. This
means that if repulsion acts between tv/o electrons
then the electron-hole interaction is similar but
attractive. This symmetry provides us with several
identities e.g. > thus disregarding the
term - Ü  the ground state energy is even function
7
where
C-CJ+C3.28)
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of U as it has been previously shown by Yosida 
and Yamada (1971) using time dependent Green’s 
functions. Similar result follows for the self-energy. 
(Generally, one can connect the eleotron-eleotron and 
electron-hole correlation funotion by the exact 
identity
in the Hamiltonian occuring in the thermodynamical 
average. This identity obviously shown that the two 
different correlations have the same amplitude in any 
order of perturbation theory, there is only a diffe­
rence in sign in odd orders. As a special case this 
shows that the two tinrenormalized (with respect to U) 
correlation functions have the same alaytical form.
In this way it has been generally proved that a correct 
theoretical answer can be expected only on the basis 
of such theory where the electron-eleotron and electron— 
electron-hole correlations are treated on an equal 
footing. The diagrams where the two channels are 
mixed together are the so called "parquet diagrams", 
whose calculation seems to be a very difficult fask. 
Finally, it must be mentioned that the symmetry con­
sideration diőcussed above cannot be generalized to 
the case of orbital degeneracy v^ ith exchange inter—
Í3.2 9 ;
where the subcripts Ц and-U refer to the sign of U
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action,
Recently, the symmetrical Anderson model has been 
the subject of invejstigations using s e a l i n g  idea in 
two different ways. Hertz (1971.) has worked with the 
functional integral method applied to the Anderson 
model by Wang, Evenson and Schrieffer (1969J and Iche 
(1973 ) has turned to the renormalization group tech­
nique. These methods will be discussed in chapter 6., 
here we refer only to some important results.- In the 
first method the fluctuations of high frequencies, 
in the second the scattering processes with higher 
energies have been eliminated ky introducing a new, 
effective coupling constant U-eff • Using the renorma­
lization group technique in the first approximation 
which is equivalent to considering the ”parquet diagrams* 
only it has been found that Ц = Ц while in the second 
approximation going just beyond the ’’parquet diagrams*
Ц ff S  U has been obtained- in agreement with the 
functional integral method. It is worth to mention that 
considering only the localized paramagnons by neglecting 
the electron-electron correlations the renormalization
« x pre^ J/o и. ° f
group method reproduces the .hi into i'<"given by
equation (^3.25J with the enhancement factor (i — U J(0j) # 
In this way, it is shown that the more accurate theories
*
do not yield an enhancement of this type, thus the 
localized paramagnon picture with suoh an enhancement
is not realistic at all.
Finally we mention the reoent works by Menyhard (1972, 
1 9 7 3 ) who has made an attempt to reinvestigate the 
question of dominant diagrams. She has calculated the 
ground state energy and the satio susceptibility up 
to forth and third orders, respectively, using a time 
ordered diagram technique developedty Yosida and 
Yamada ( 1 9 7 1 The oonolusion was that in a given 
order in U the contribution of all the diagrams is of 
the same order of magnitude. Furthermore, the ground 
state energy E and the statio susceptibility 'X
О
were compared with the expressions obtained considering 
only eleotron-hole correlations. The results as
are in strong-disagreement with those obtained by 
considering the electron-hole correlations only
+  0.006
and
- 0 0 ^ 8
j
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and
It is evident that the LSF theory overestimates the 
amplitudes of the third and fourth order terms by a 
factor of about 5 and 6. It is interesting to note 
that the obtained static susceptibility is in fairly 
good agreement with the exponential form X  jsj X
surprisingly derived by Iche (1973) in his first 
parquet approximation. The reason of this surprisingly 
good agreement should be the subjeot of father investi- 
tagions•
The comparison of the results given by equations (J .31 
- 3*33) oonfirms our previous oonolusions that the 
enhancement faotor appearing in the expression (Ъ*2Ъ) 
of the effective Coulomb interaction iB not relevant
xFootnote.
This expression reminds of the form of inverse Kondo tem­
perature derived in the opposite limit, >^ {
by using the Schrieffer-Wollf transformation,(see sec­
tion 4.8) but Iche’s expression is inversely proportional 
to A instead of the conduction electron band width. The 
similar analytical form supports the idea which will be 
discussed in the following section that the physical 
quantities should be expressed by formulae analytical 
in the coupling i( •
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in the behaviour of measurable quantities and that the 
concept of localized spin fluctuation is not well es­
tablished.
3 . 4  Correlation effects in the magnetic limit
The starting point of the previous treatment was to 
consider first the s-d mixing and then to apply per­
turbation theory for the intraatomic Coulomb repulsion 
U  assuming that U «  A  . This approach is not 
approriate if the impurity has a well established mag­
netic moment. In the case of magnetic impurity first 
the Coulomb term U should be considered in order to
produce the splitting of the impurity levels and 
afterwards the effect of the mixing term can be treated
as perturbation. This schema works if \7ГА
thus the overlap of the split5impurity level is very 
small. This problem has been worked oUti in great detail 
and the results obtained are related to those provided 
by the s-d model, therefore, here we refer to the next 
chapter dealing with this problem. The connection bet­
ween the results of this perturbation procedure and 
of the s-d model is established by the Schrieffer-Wolff 
transformation ^Schrieffer-Wolff 1966^ see section 4*8j*
The typical feature of these results is the appearance
I Ф
of a logarithmoc term which looks as In,--- 7— 7— ТГГЛ>еур(ТГ£^/Л)'
in the limit where D  is the width of the conduction
band.
This logarithmic expression characterises the Kondo 
effeot and will be discussed in the following chapter 
in detail.
3.5 General results in the Anderson model at zero tem­
perature •
This section is devoted to a series of suoh arguments 
and results whioh seem to be valid generally and some 
of them are even exact. These results are of great im­
portance in understanding the behaviour of magnetio 
impurities at zero temperature even if a few of them 
has drawn relatively moderate attention until how«
(l) analiticity in coupling strength 
By changing the coupling constant!! a sharp transition 
occurs in the HP approximation between the non-magnetio 
and magnetic regiras. In Schrieffer and Mattis theory 
(1965) frEwlew 81>я о I it is pointed out that
the transition from non-raagnetio to magnetio state is
4 /over- densriy ,
completely smooth at least in the investigated case. 
Later Suhl [1967) and several other authors argued in 
the following way. if one considers a phase transition 
in system with dimension lower than three a sharp 
transition does not occur because of the strong fluc- 
tuadions. Studying the dependence on the coupling 
strength Ц one may adopt this idea concluding that 
the change in the behaviour of a single impurity must
- 5 4 -
be smooth and ahalytical even in the region where in 
lower approximations like in HP a sharp transition 
takes place*
(ii) dominance of the non-spin-flip scattering channel 
in the vicinity of Fermi level.
As it has been previously disoussed in section 3*2 
the dynamical part of the impurity problem is localized 
on the impurity level. Schrieffer and Mattis (1965J have
pointed out that this problem is identical with a prob-
rg IS -*lem where^'anintératoing eleotron gas with LorentzianOlw cK
density of states given by equation ,(3. 3)V Coulomb 
interaction between electrons with opposite spins, but 
momentum conservation is not required.
This oan be checked by looking the rules of diagram 
technique. Not much later, Langreth ( 1966 ) exploited 
thid idea in many respects pointing out that the most 
useful consequence of this equivalence is the faot 
that in the vicinity of the Fermi level a many body 
system behaves like a free electron gas. This reflects 
that any kind of decay of a single excitation
into a state containing several e.g. n exoitations
n - {tends to zero like b as the energy
approaches the Fermi level, because the phase space
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ctS
is strongly reduoed bábuin nr m na íi»b the number of 
excitations inoreases in the final state*
In order to put this oonolusion in a mathematical form
we should consider the one-eleotron Green's function
which has the general i m  -expression
«
4
Л.*гш)’ z - e -  Г  +  . - / a  C 3 . 3 4 )d )
where the effect of the "many body correlations" due 
to the Coulomb interaction is represented by the self- 
energy 2  (cv) •
Neglecting 2, this formula reduces to equation
d
(3*3) • According to the general theorem disoussed above• /
2>. 0^j) representing the deoay processes vaniohes 
at the Fermi level i.e.
Z  (^=o) = °
* Сз.зэ;
whioh can be proved in arbitrary order of the pertur­
bation theory^ 2-u-H/nger 4360) e.
(iii) The scättering amplitude at the Fermi level can 
be expressed in terms of phase Shifts at T = 0«
The results derived in (iij and given by equations (3*34 ) 
and(3*35) oan be inserted into the expression (3*5) of 
the scattering amplitude and then one obtains
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(,3.36)
It Is easily seen that the conduction electron scatte­
ring amplitude can böegiven in terms of a single рЦазе 
shift at the Fermi level if one compares our recent 
result (3.36) with that in HF approximation which was 
obtained by inserting equation (3*2) into the form of 
i . . given by equation (3-5J then the two formsк 1c
are identical if ^  3 replaced by + 'Ve °)
• Thus the scattering amplitude oan be ex­
pressed in terms of a single phase shift like in HF 
approximation^* see equation 3«17j, thus
This means that the elastic non-spin-flip scattering 
channel being the only one which is open at the Fermi 
level ai T= 0 the scattering can be characterized 
by a phase shift.
(iv ) Friedel sume rule at о •
After deriving the results listed in (ii) and (iii) 
Lan,greth (1966) has given a general rigorous deriva­
tion of the Friedel sume rule. The general form of the 
sume rule assuming that tl^ e scattering can be described
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in terms of phase shifts express the total number 
]\f of extra electrons associated with the impurity- 
in terras of phase shifts as
N  = ( ш ^о) (зов
where cT is the phase shift in the angular momentum 
channel t with azimutal quantum number m  and spin <5**
In a different way Anderson and McMillan (Д967) have 
found another exact derivation for the sum rule, further­
more, Langer and Ambegaokar (1961) have concluded that 
the eleotron-electron interaction in the conduction 
band oan not affect the sum rule.
In the following we will assume that only the ohannel 
with 1=2 contributes to the sum rule and the other 
phase shifts oan be neglected#
( v) atT-othe phase shifts are independent of vn and 6“ 
in the dominant scattering channel 1«?2#
Supposing that no external field is applied and making- 
use of (i) saying that the Coulomb interaction can be 
continuously switched on, one oan conolude that the 
ground state must be rotational invariant /singlet/
beoause for 11=0 the non-magnetio state is rotational 
invariant# In the case of a singlet state the phase
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shifts in each angular momentum channel are equal 
thus they depend only on ( , hut are independent of
to ein d & • Matt is (1967) and Schrieffer and Mattie 
(1965) have made several attempt to prove that the 
ground state is indeed singlet i*e* rotational Invariant
and they could to make it at least very plausible* 
Furthermore, Anderson (1967/a)argued that a ground
state for the impurity must be build, up from a linear 
combination of different states in order to assure 
the rotational.invariance. Finally, the experimental 
facts to be discussed later show that the magnetic 
moment associated with the impurity disappears at zero 
temperature, thus the ground state is indeed singlet.
(vi) If the shattering ohannel with 1=2 dominates then
Assuming that at zero temperature the impurity charge
of d -type only the ohannel with 1=2 contributes 
essentially to the Friedel sum rule given by equation 
(3*38), one obtains for the phase shifts
is screened completely and in the case of impurities
(3-39J
*
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and than can be referred to as a oonsequenoe of 
’’charge neutrality”.
The ^charge neutrality” implies a series of predictions 
on those measurable quantities which at T- о oan be 
expressed by the value of scattering amplitude taken 
at the Permi level*
By inserting the phase shift given by equation (3*39) 
into the formulae ^3.16) and(3»8] of the scattering 
amplitude one obtains that
According to equation {3,22) the zero temperature 
resistivity can be obtained as a funotion of Л/ as
Deviation from this formula oan be expected if the 
contributions of the other scattering channels 
are not negligable. This result does not depend on 
whether the system behaves magnetio or non-magnetic' 
in HP approximation as it has been pointed out by 
Grüner and Zawadowski (1972 ) . Por non-magnetic im­
purities in HP sense this formula has been accepted 
for a long time,('see e.g* Schleifer 1967], however, 
for magnetio impuries there is some confusion in the
literature. Namely, Schrieffer (1967 ) has studied 
the magnetic case with a crystalline splitting of the 
d-levels larger than their width A , and then he has 
drawn the conclusion that the phase shifts can be 
different for different orbitals in the same angular 
momentum channel in contrary to (v). The width of the 
d-level, however, is so large, that the crystalline 
splitting can be neglected, therefore Schrieffer's 
argument is not adequate to 3cl-impuries, but it can be 
applied to 4f-impurities.
3.6 Hartre-Fook picture versus singlet groundstate
at Ts 0  •
In this chapter we have argued along two different 
lines using HF approximation and the assumption of a 
singlet ground state. The results o.j the two approaches 
are essentially different in the magnetic limit.
At high temperatures the many-body correlation effects 
are not strong enough to result in an essential modi­
fication of the HF results. In the HF theory if the 
total density of states for the localied electrons is 
split exhibiting two fairly well separated peaks then 
the conduction electron scattering is described with 
two different phase shifts c{~ and ,*0 - о
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Thus in the absence of external magnetic field the 
magnetic moment of the impurity orbital can be directed 
parallel or antiparallel to the spin of the incoming 
eleotron and the two different phase shifts correspond 
to these possibilities.Therefore in Ш с  conduction 
electron scattering there is not an uniquely defined 
phase shift but rather there is a choice between
and cf with the same probability. On the contrary,- O'
however, at zero temperature there is a well defined
single phase shift cf = — r- whioh is formed as a
Л о
consequence of many body correlation effeots, thus
Turning to the shape of the total density of states 
it is represented in figure 6' in a schematio way*
The Fermi levels are given for Cr, Mn and Fe impurities 
respectively, for all cases it can be found between 
the two peaks. Furthermore using the result of the 
charge neutrality limit by making use of equations 
(3*4o), (3,6 ) and finally (3*1) one obtains for the 
density of states at the Fermi level
JWoJ is plotted in figure 6 as small circles for 
different impurities Ä 4 ,5"and 6 for Cr,
Mn and Pe. These are far from the density of states 
predicted on the basis of HP theory, and the question 
to be answered is how the total density of states 
obtained from the HP approximation should be modified 
at low temperature to reach the predicted ^charge 
neutrality” values at p for T* = 0 .
In principle there are two possibilities to resolve 
this problem (see Grüner and Zawadowski 1972 J •
(i) At low temperatures the density of states changes 
in that way that atT^Othe total density of states is 
going to exhibit a single maximum corresponding to 
the non-magnetic HP solution shown in figure 7/a.
This would mean a large reordering if the density of 
states on energy scale of Ц. and Л i.e. on scale of 
the order of 1 eV, which is associated with lo^ °K 
and, therefore no drastio effect can be expected in the 
temperature range available in experiments*
(ii) At low temperatures an additional peak appears
due to correlation effect superimposed on the HP
density of states. The width of this resonance is
relatively harrow on HP scale and is formed at the*
Permi level as it is shown in figure 7/b, The maximum 
of this narrow peak is determined by the "charge
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neutrality" condition. Reminding the relation between 
density of states and scattering amplitude given by 
equation (3*6) one can speak about a narrow resonance 
formed at the Fermi level. As it will be discussed 
later this narrow resonance is very likely connected 
to the Kondo effect which is discussed in chapter 4 
and in that case the resonanoe is referred to as 
Abrikosov-Suhl resonance.
4. KONDO EFFECT AND 5-d MO DSL
The most striking discovery in the subject has been 
made by Kondo in 1964, who realized by calculating 
the conduction electron scattering amplitude of a 
conduction electron scattered by an impurity spin in 
the s-d model, that the result diverges at the Fermi
Z (xJn 7^  in third order of the perturba­
tion theory, where do is the energy of the conduction 
electron andd) is the width of the conduction band. 
According to this calculation the impurity resistivity 
due to a magnetic impurity must increase by lowering 
the temperature as it has been observed for many years 
^"see e.g. van den Berg G-.J. 1964J .This result has 
suggested that some kind of resonance is formed at 
the Fermi level which cannot be described by applying 
simple perturbational method at zero temperature.
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The formation of this resonance might resolve the 
question raised at the end of the previous chapter 
about the behaviour of the density of states 
%mm for magnetio impuritiesal T = о
4*1 s-d model
This simple model, usually, referred to as s-d ex­
change model is based on the supposition that if a 
magnetio moment is formed at the impurity than the 
moment can be described as a quanturaraechanical spin 
with quantised total angular momentum f s b s + d )
where Л = ... • In the present case this
spin is embedded into a simple metal and an effective 
exchangeninteraotion couples the conduction eleotron 
and impurity spins. Similar models have previously 
been applied to different problems. The basio idea of 
the model goes back to Zener (1951 ) who assumed that 
in ferromagnets the s-electrons form the conduction 
band and the d-levels are localized at the atomio 
sites; the s- and d-electrons are interacting by 
exchange interaction. A similar model has been propo­
sed by Fröhlich and Nabarro (l94o ) for the exchange 
interaction between nuclear moments and the conduction 
eleotron spins in a metal. Later on Ruderman and 
Kittel (1954 ) has applied this model to describe the
interaction of two nuclear spins through the conduction 
band. Similar calculations have also been performed
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by Kasuya (1956) and Yosida (1957 ) in the s-d model.
The derivation of the model was given by Kasuya (1956 ) 
The s-d Hamiltonian can be written as
H  = H o t  Hi (4 .1 )
where
y 0 * Z  <*
k,o<
4-
lc* k-oC * « ± /^t_ (4.2;
and
H TT. I V v ** ^i<-W<yУ N
e- ,•4 C\ a к cX
( 4 . 3  j
£*k is the energy of the conduction eleotron 
with momentum к and spin o< • The electrons are de­
scribed in terms of creation and annihilation operators
t I ja and . • The second term p . containsk<* ko( 1
the effective exchange integral kk//l/^  S is
—9
the impurity spin operator and <3- is the Pauli ope­
rator for conduction electron spins. The notation 
, /д/ was introduced by Kasuya (1956У whoк к
considered the exchange integral between a Wannier 
function of the conduction band and the localized d- 
-orbital. /V is the number of elementary cells in unit 
volume and it enters in the calculation as normalization 
factor at the Bloch wave function expressed by Wannier 
fundtions. Although the atomic integrals result in a
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positive coupling, Цг may be negative due to some
effective interaction to be disoussed in section 4.8 
("Sohrieff er-Wolff transformation).
The spin product in the Hamiltonian Hj can be written 
in a more detailed form as
- - 17 h  ( "-*-1 '
♦ _ f 1 (‘-1'- + 5  л. , ,  a  - v S a  a  Vk| kt k’t k<l J
where the first term is the diagonal part of the inter­
action and the second and third terms correspond to 
spin flip scattering. The operators and S raise 
and lower respectively the г -component of the impurity 
spin.
Generally the exchange integral depends on the
momenta к and k 1 and on . the angle between them.
The usual assumption is that ^  , , does not depend essen-K к
tially on к and k' and can be taken as constant. This
restriction is not serious, beoause, if aots only inк к1
some part of the conduction band than o n alasutl& r i wtr 
tlnr»i.<ionni íüanfttii.<nni amiyfro »lurt peg* gfr'tbs senAm!) ülwe.
у j the momentum dependence can be 
formally eliminated by modifying the density of states 
of the conduction band: i.e. taking a nonvanishing of 
states only in that range where«the interaction is ef­
fective. Thb^angular dependence is usually disregarded 
as well, because it does not effect the final results
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in most of the cases*•
Supposing that the d-level has symmetry ^*2 one oan find 
the following angular dependence
One oan assume, that in addition to the s-d term the 
impurity represents also a statio potential and this 
interaction is then given by the ^amiltonian
where , is the matrix element of the potential.
4.2 Kondo effeot in third order of perturbation theory
The first physical quantity calculated beyond the first 
B o m  approximation by using the s-d model was the 
electrical resistivity. In' this section we briefly 
represent the calculation of the electrioal resistivity 
in the first and second Born approximation. It is assu­
med that the contribution of the impurities to the elec­
trical resistivity is additive, i.e. impurity-impurity
where is the Legendre polynomial and is the
angle between к and k ( •
(4.6 J
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interaction is negligible. In this case the inverse 
lifetime of the conduction electrons is proportinal to 
the concentration of the impurities.
The calculation in first Born approximation was carried 
out by Kasuya Д956) and Yosida (l957J
«
The probability of spin conserving scattering can be 
obtained by using the "golden rule" and the first part 
of the Hamiltonian given by equation (4.4-J yields
£
\>(/(ЧМг -> 21Г ( i j  ftg A  ^  )
where (d^ is the density of states in the conduction 
band near the Fermi level and is the 2  component 
of the impurity spin. By averaging over the spin direc­
tion a factor S(5-h )/3 is obtained instead of И ^  .
Contribution from the spin-flip terms can be obtained 
in a siMlalwr way
(4.8 )
and
\x/(l t hj-i ) = 2ir(fj 1 )]j°0 J
The lifetime of a spin up electron (for example^ is 
obtained by adding equation (4.8) and(4.9,/ together 
and by averaging over the г- competent of the impurity 
spin . Thus the transition probability
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w -  2Tc (vJ s(s+iJs°,
where C is the concentration of the impurities*
Kondo (1964) performed this calculation- in the next 
order of perturbation theory. The conduction electron 
scattering amplitude oan be calculated in the second 
order by writing the formula
и1 (4-.ii;
where is the energy of the electron in the initial 
state* The scattering amlitude obtained in this way 
describes two sucoessiv scattering processes* As far
as the intermediate state is .concerned there are two 
possibilities s
(i) first the electron *éÉé tüomentum 1^ is scattered 
from the initial state into the intermediate state with 
momentum k" and then this electron with к 1 is scattered 
into the final state with k' .
Cii) in the first scattering process an electron hole 
pair is created by the spin of the impurity and in the 
second process the created hole annihilates the electron 
with momentum k leaving the created eleotron in the final
state •
These processes are represented by diagrams in figures 
8/a and 8/b, respectively.
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The scattering amplitude for an electron with momentum 
V and spin up is expressed by the following two 
formulae corresponding to the two diagrams in figure 8.
( - í ) 4 fS* > ‘ +  (* Л 2 )
and
(- Щ  Wл ‘) 5
•V« (4.13)
where the following pairing of the eleotron operators 
are considered
j — I 1 f
k lc" \ Л  \
* 4
(final J (initial J
and
a u, « л  +CX. Qk' a k»
t
(finalj
I---—
—-- ---- ->-- 1Г - I
a
(initial J
The second expression has a minus sign due to the 
fermion character of the operators. The occupation 
number n и takes care of the Pauli exclusion in thek
intermediate state,
By adding these two expression t^ vo different integrals
are obtained
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Z
le"
e - e,
and
(£)= Z
n,
de Г Т '  P» (4.14 )к“ ^ ’4" V
J*£t- ёГТ-. ?• í£k O  (4.15)4 k" c ~ ck" J ' ~k"
wherejCo Сб^,, j is the density of conduction electrons, and
£ = £k- £ k . due to energy conservation.
The first integral is small and in the oase of sym- 
e
mVtric half filled condition band it goes to zero as 
£ 0 . The second integral diverges, however, at
T - 0 as £ ~* 0 .In order to perform this
integral we take a sample form of <po (£)
po if
0 o-fclie r u^ »xe
(4.16 )
The Integral (4.16 J can then be oaloulated for £-о 
and
(jfe) = -p„ U IS I
( V -  f 7  **
7 AsV
a  -j»e <•” qT (4 .1 7 ;
for /£/<<:CD* Its temperature dependence can be approxi 
mated in a similar way for <?-oand one obtains
f itx
I rp
-  ^ Co* f i
CD (4.18/
In this way, the inverse relaxation time t  ^can be cal 
oulated using equations (4*12), (4.13j and (4.18^ and
27iT>oC (») S (S + *)0 + V  ?*ln 0) 0 (4 .1 9 ;
This formula shows remarkable features: (ij for ал 
antiferromagnetic coupling the inverse relaxation 
time and therefore the resistivity decreases with 
increasing temperature (ii ) at low temperatures the 
logarithmio expression dominates and it diverges at 
T - o  • The occurrence of this divergency indicates 
that at low temperatures one should calculate further 
terms of the perturbation series because the first cor­
rection is not small.
It i8 important to compare this calculation of Kondo 
with a similar claculation for simple potential soatte- . 
ring. In the latter case spin factors do not occur and 
in the sum of expressions corresponding to (4.12) and
(4.13) the occupation number disappears thus the loga­
rithmic anomaly is specific to magnetic impurities.
This ia because the potential scattering is a typical 
one-body problem in contrast to the scattering on a 
magnetic-impurity, which shows many-body character.
4.3 Kondo effect in leading logarithmic orders
As we have seen in the previous section the first
correction to the scattering amplitude is of the order
of (hr/AS) jö0 biilei/Ъ) Qp (.'p /Д/) p o In ( к T  / D  )
v> (£//' respectiv6ly •^ _  f ,
These logarithmic term can be so large that'fl/A/jA 
is not a small correction even for / j s< J .
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The terms in the perturbation expansion can be classi-
■
fied according to the following schema
Let us consider some quantity in perturbation theory, 
and denote the lowest non-vanishing order by p 
e.g. for the scattering amplitude and p = 2
power of logarithm is n-p • According to Landau’s 
school the approximation in which we keep only those 
terms which are in the first column is called logarithmic 
approximation. The terms in the second column will be 
referred to as "next to leading logarithmic terms".
We notice by looking at the integral cj (£) given by 
equation (4.17) that ( ij the shape of the density 
of states p (£ J does not effect the "leading logarithmio 
terms", only the next to leading logarithmic terms.
(ii) by adding a small imaginary part in the denominator 
of equations [4.14) and (4.15) results in imaginary terms 
belonging to the "next to leading logarithmic order".
for the resistivity. Thus in n order the highest
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In this section we briefly review the results obtained 
in logarithmic approximation. One can derive these re­
sults in a straighforward perturbation expansion up 
to a given order and many of these results can be found 
in Kondo’s review article f Kon do 1969 ).
In order to carry out these approximations in a more 
systematic way ohe should apply diagramatic represen­
tation. Whithout any further manipulation, however, 
the interaction of conduction electron with an impurity 
spin cannot be represented by diagrams as it oan be 
done for potential scattering. This is due to the fact 
that the spin is a dynamical variable rather than a 
statjbc potential. The different states of the spin, 
however, can be represented by some fictitious particles 
e.g. fermions, and so one arrives at the different 
drawn fermion techniques. The most widely applied 
method is the so oalled Abrikosov’s preudofermion re­
presentation Abrikosov ('1965.) this method has an 
equivalent form where the spin is represented by a 
particle with heavy mass /Brenig, Götze, 1968 ).
There is a large number of other representations
('e.g. Spencer and Doniach 1968J which will not be 
discussed here.
%
Let us recall the idea of the Abrikosov’s repre­
sentation. (2 S + 1 ) pseudofermions are introduced
-7 5
*9" 9 corresponding to the 2. S t \ states о j-
the impurity spin with 2 -component Ai ъ = ■$, S'l, ... -Jb • 
The preudofermions are considered as quantum partic­
les described by creation and annihilation operators,
4-a и and a. ♦ An arbitrary spin operatorM
is maped to the preudofermion space according to the 
relations
5  2 Z < K  1 * 1 ” * > аМ'2 (4.21)
where the bracket represents the spin matrix elements«
The only difficulty remained is that the real spin $4;al€i
are p resented
КБу preudofermion statejwith single occupation, thus
Ah о те
^elements of Hilbert space where more than one
pseudofermion stater dnp occupied have no meaning.
These states oan be eliminated by assuming that the 
pjeudofermions have a large energy 3 к ^ furthermore, ,
one can notice that the vacuum state with zero occu­
pation gives no contribution in an aotual cáliculation*
In that way all of the results must be normalized to 
the probability of single occupation (2 S t \ ) 2 J
with Я • x Usually, in diagrams the solid lines 
represent electrons and the dotted lines preudofermions•
xThis normalization has recently been proved to be 
generally correct ^Sólyom, Tüttő and Zawadowski 197^ ) 
thus the correction term in the previous work by 
Zawadowski and Pazekas (1969J is incorrect.
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It is interesting to note that due to single occu­
pation the interaction Vertices are time ordered along 
the preudofermion line. Therefore, this representation 
can he simply formulatéd using time ordered diagrams 
as well ( Brenig, Götze 1968J •
Abrikosov ( 1965) has pointed out that only those 
diagrams contribute to the leading logarithmio appro­
ximation which by outting simoultaneously one eleotron 
and one preudofermion line fall into two distinct 
parts and after such successive cuts the elementary 
vertioes are recovered. Therefore in logarithmic appro­
ximation the eleotron-preudofermion scattering ampli­
tude must have the structure as shown in figure 9 , 
where the diagrams fall into two pieces by cutting one 
electron and one preudofermion line. This means that 
only those processes are considered where there is only 
one excited particle electron or hole in the inter­
mediate state. The diagrams of this type are shown in 
the two lowest order in figure lo. As it can be »hown 
all the other diagrams contribute to lower powers of 
the logarithmic term. This class of diagrams is called 
"parquet" diagrams according to the Russian school and 
they are calculated with logarithmic accuracy. This 
method has been worked out by Landau's school in great
%
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detail and the best description of the method is 
given by Nozieres and his coworkers ( Roulet, Gavoret, 
Nozieres 1969 and Nozieres, Oavoret, Roulet 1969j •
The general form of the conduction eleotron scatte­
ring amplitude with one electron or hole in the ini­
tial and final states can be written as
T (£ ) ~ -t(£ )сГ , сfh г M ъ (4.22j
4 T(£j<M' 1^1Мг > © г Ы
where the energies of the partioles in the initial and 
final states are on the energy shell and the spin
1 LA 1mriables are c^M^in the initial and °<, n г in the
final state. C
The real part of the scattering amplitude for £ ■* о 
was obtained by Abrikosov (1965)
T(e = 0)~
XN
%- IcT
A - T-f r í V "  ф -  ( 4 . 3 3  J
this term contributes to the leading logarithmic 
approximations, thus to p ~ 4  .The imaginary part of 
the spin-conserving part of the scattering amplitude
vStS+1) ( $ A
U  (£= °) ~
The resistivity "RCTjis proportional to Jv^
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;ee optical theorem given by equation ^.22) , thus
its temperature dependence is
SC.T+1) (v)Z
'R ( V )
0 k T  ^7, (A.25)
In a similar way, the susceptibility was calculated 
by several authors ( see references in Kondo ’ review 
1969 ) up to a given order. The susceptibility locali­
zed on the impurity site is given in this approximation
where the magnetic field is in the г -direction, and 
is the magnetic moment of the impurity spin. This for­
mula oan be derived by using Abrikosov’s method (e,g, 
Zawadowski, Fazekas 1969 ^and Ting 197l). Yosida and 
Okiji (1965 J pointed out that the conduction electrons 
are polarized as well in addition to the Pauli term, 
however, this contribution appears only in the next the 
leading logarithmic approximation. Other quantities
о  Ki, -i I* d- I о Cj Q yi A  111 о
a factor of two was missing in that oaloulation be­
cause of the incorrect normalization mentioned in the pre
vious footnote. A large number of papers contain the same 
mistake fe.g. Yosida, Okiji 1965  ^ .
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can be calculated in a similar way (^ see Kondo 1969^)*
The calculations in logarithmic approximation exhibit
an^ \-fe>-ro
drastically different behaviour for ferroma^netTcKcoup- 
ling in a crucial manner. Thus, in the ferromagnetic 
case, the logarithmic expression (4 *2 3 ,) of the scatte­
ring amplitude deoreares by lowering the temperature. 
However, in case of an antiferromagnetio ooupling this 
expression diverges as T reaches the temperature T1^ ,
where
This characteristic temperature is usually called 
Kondo temperature and T^<<D for fteak ant if erromagnetio 
ooupling, <0 • This divergency shows that
for Г  the leading logarithmic approximation breaks 
down as T  approaches • The expression (4.2'(?J
derived for the characteristic temperature shows a 
non-analytical behaviour in the coupling 3- with a strong 
resemblance to the superconducting transition tempera­
ture in the BCS theory. In the theory of superconducti­
vity the similar divergency indicates a phase transition^ 
in the oase of a single impurity^ however, no phase 
transition can occur a$ it has been discussed in sec­
tion 3*5 • It is interesting to note that in the theory 
for zero temperature, T * # ,  similar divergency occurs 
at energy <£ - U T K • Similar behaviour is shown by the 
susceptibility 'Y given by equation (4.25 j . This re-
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sult can be written in the form of a Curie-law by 
introducing an effective moment for the impurity
TTrrJ S T S(S*i)/ueH (V) ^  -p_ ,. ро|аг'|г.а(г,'оч 
3  k T
±
A-
+  2 77  i ° o C
S(Std)
P
(4.27)
where
Л и  Í
. f л , kV
СгЪР') Lk
1 --2- % Pa In hiV го * 1>
and Г is the concentration of the impurities. The
last term in expression (4.27) corresponds to the 
Zener polarization of the conduction electrons which 
is induced by the polarization of the impurity spins 
through the exchange interaction. The physical reality 
of this term is, however, questionable as it will be
A c r o r d l in ,q  to  t h e  f i r s  l  - t e r m
disoussed in section 4*8. í m í > the effective magnetic
moment decreases by lowering the temperature, due to 
the screening by the conduction electrons. In other 
words, at low temperatures a strong correlation 
between the impurity spin and conduction electrons 
with opposite spin direction is built up. This spin 
compensation in the conduction electron gas is usually 
called ,,spinMcompensation cloud". By noticing that 
only those electrons are strongly scattered by the 
impurity whose energy is, not much further from the Fermi 
level than the characteristic Kondo energy l< T K 9 
one can realize that the spatial extension of this - 
compensation cloud may be characterized by the length
- 8 1 -
I k  = r f K. (4 -28J
which is the coherence length in the Kondo problem;
Vf is the Permi velocity (note the similarity to 
the coherence length in superconductivity). This 
compensation cloud and coherence length will be dis­
cussed in sections 4.8 and 4.9 in more detail.
\
Summarising these results one can say that a spurious
divergency occurs in most os the quantities if they 
are calculated in the leading logarithmic approxima­
tion. Abrikosov ( 1965) and Suhl (1965 f 1966) have 
noticed, that the appearance of the singularity in­
dicates the formationaof a resonance in the conduction 
-electron-impurity scattering amplitude given by 
equation (4,23J^ whioh is centered at the Permi level. 
This resonance is called Abrikosov-Suhl resonance.
The "leading logarithmio approximation" breaks down 
as the temperature approaches to the Kondo temperature 
and therefore this method is incapable to describe 
properly this resonance.
There are two ways to improve upon the "leading loga­
rithmic approximation",
(i) to calculate the same diagrams as before with one 
eleotron or hole in the intermediate states but with
better accuracy. This means to include the imaginary 
part of the scattering amplitude and to keep terms 
in the real part beyond the leading logarithmic appro-
ximat ioni
(ii) to include a wider class of diagrams.
Way (i) will be the subject of the next seotion while 
the problem of including more diagrams is left to the 
ohapter 6 dealing with more recent developments in the 
theory,
4.4 Different methods in the one-particle intermediate 
state approximation
Soon after the realization of the formation of a reso­
nance at the Fermi energy three different methods have 
been developed to go beyond the leading logarithmic 
approximation but keeping only one electron or one 
hole in the intermediate state. In this section we 
briefly review these methods:
(i) equation of motion for Green’s functions 
(ii ) dispersion relations 
(iii) summation of diagrams
We will not gi\e many details because these methods 
have already been reviewed by others (see Kondo 1969 
and Fisher 197o ) . Here we present the starting point
of the methods and the results obtained will be discussed
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in the next section.
(i) equation of motion for Green* functions
Nagaoka (1965) has tried to attact the problem in terms 
of double-time thermodynamical Green’s functions. Fol­
lowing the general method worked out by Bogoliubov’s 
school he studied the equation of motion for the most 
simple Green’s functions. These equations connect the 
simple Green’s function to more complicated ones and 
a hierarchy of equations can be derived in this way.
The basio idea of the method is to out this hierarchy- 
after some finite step and to approximate the higher 
order Green’s functions in terms of the lower-order 
ones. Nagaoka started with the one-particle Green’s 
function
0 И - О < {  «к.
* (4.29)
where
QC-t -i'J- \l
(4.30 )
and (f) is the eleotron oreation operator inIcö<
Heisenberg representation, furthermore, ... .' > 
stands for the statistical averrage.
In the next step he considered the Green’s functions 
of type
The Green’S functions appearing in the equations of 
motion of Г were factorized in the following manner
By applying this decoupling scheme Wagaoka derived a 
closed set of equations. These equations can be solved 
exactly including the imaginary part of Green’s functions 
Beoause these equations are singular, their analytical 
structure had to be treated with special сорте. The ge­
neral method to solve singular integral equation of this 
type is given in Muskhelishvilis book (1953)* Following 
partly the method outlined in this book, the analytic 
structure of the solution was studied by Hamann (1967), 
Falk and Fowler ( 1967J, Fowler (1967 ), Blommfield and 
Hamann (1967J and finally Zittartz and Ш 1 1  er -Hartmann
(1968) gave a general exact solution.
(ii) dispersion relations
Suhl (1965f 1966) realized that this problem has strong 
гesambiance to mezon-nucleon scattering which has been 
extensively studied in high energy physics. Suhl applied 
the method of Chew and Low who have derived a closed
- <  Í « h  >  <  V  a <4 5
^1
4
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set of equations for the scattering amplitude.
Assuming that one considers only those initial and 
final states in which there is only one electron or 
hole, the scattering amplitude can he written in the 
form of equation (4.22], where -Ь(ъ) and 't'Cv) are
the amplitudes in the spin-nonflip and the spin-flip 
channels. The Chew-Low equation derived by Suhl for 
the scattering on the impurity spin at finite tempe­
rature can be written as
4 f г ) V"лг 4' It (*+«£) Iг + $(£-ы)1 L(x 4 i£)l (X ) oí. Xг - * (4.32J)
4- i:()(+i£)-t(x-^ ) + r(*'u^  (x*'€)~l T(XJ*,€jl (* z'nF(x)) P (x)d\
4. - X
(4 .33;
Y уwhere —  and —  are the exchange and potential scatte- 
А/ Ы
ring amplitudes of the Hamiltonians given by equations 
(4 .З] and (4.6] , x is the energy variable on the real 
axis, p(x) is the density of states for conduction 
electrons. It is important to note that the Permi 
distribution functions occurs in the second equation 
(4.33) only for the spin flip scattering. If only 
potential scattering is considered, 0 and (*J 
does not play any role in agreement with our previous 
discussion in section 4.2
- 86 -
These equations were generally solved by Suhl and Wong
(1967) . Similar result were also derived by Maleev 
(1966, 196^.
The approximation applied in the derivation of these 
equations is that only the one-particle intermediate 
states are considered. Namely, the scattering processes 
into and out of the intermediate states are given by 
the one partidé scattering amplitudes 'id) and 'Ъ'(ъ) 
and the density of states for the intermediate state 
is replaced by p (-y) •
(iii) summation of diagrams.
Brenig and Götze (1968) considered the parquet diagrams 
and derived rigorous equations for the scattering ampli­
tudes They solved these equations similarly as in case 
of methods discussed in (i) and (iij•
It turns out that the three methods discussed above are 
exactly equivalent. Actually it has been shown by Duke 
and Silverstein (1967 ) that the summation of parquet 
diagrams is equivalent to Suhl’s equations. Schotte
(1968) and Zittartz (1968,) have shown that Suhl’s and 
Nagaoka’s equations are also equivalent. Thus all the 
three methods correspond to the one particle intermediate 
state approximation which is obvious for the method- 
described in (ii) and (iii) • Although the solution
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of these equations are known, it is not trivial in many 
cases, how to express the physical quantities by 
and ТЧзг) • The general features of the solution and 
their consequences will be discussed in the following 
section •
4.5 Results in the one-particle intermediate state 
approximation and the unitarity limit.
The method discussed in the previous section were aimed 
to improve upon the leading logarithmic approximation, 
especially, to include imaginary parts of different 
quantities. In order to check the accuraoy concerning 
imaginary parts let us discuss the unitarity condition. 
According to the "optical theorem" the imaginary part 
of the forward scattering amplitude is proportional to 
the total cross section and this relation is equivalent 
to the requirement that the scattering operator is 
an unitar operator. In the case of ^ondo scattering the 
optical theorem has the following form
I* \ (y'<£) = 'T’pc j \-b(<»)\z+ + }
( one electron or hole + electron-hole pairs
in the final state J (4.34 J
All the possible scattering processes contriubte to the 
right-hand-side of this equation, the spin-conserving
tion in the final state, furthermore, the other pro­
and spin dependent scattering channel with one excita­
cesses in whioh a number of electron-hole pairs as 
well are created* It is of importance to note that all 
these contributions are non-negative.
One can see easily that the maximum value of TV 
is reached in the case x when an^ all of the
other contributions are zero. This limit is called 
unitarity limit, where
Utc w - ' O  - — -—  ,
TJ>„ (4 .3 5 J
and
H e \ Tiwj = (contribution of one eleotron
(4.36 Ior hole + electron hole pairs ) = 0 v
Furthermore, the unitarity condition provides an upper
limit also for T  7Г ~  „ ■ . This upper
ZIrJ°‘ f s ( S + i )
bound is strongly violated in the leading logarithmio 
approximation where ТГ diverges (^ see equation 4.?3j.
The great advantage of the methods discussed in the 
previous section is that the solutions provided by them
x
Footnote
Equation (4*34J can be written as I u  )-^ J>0 lJ*» l\ 
(positive terms) and the solution of this equation has 
an upper bound given by equation (4*35 U n  which case 
all of the other non-negative terms are zero.
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are in agreement with the unitarity condition. Namely, 
Ъу taking the imaginary part of Suhl’s first equation
(4 .3 2 ) one obtaines equation (4.34) but without the 
contribution of the electron-hole pair creation pro­
cesses in agreement with our previous statement that 
these are not included in Suhl*s equations. Actually, 
the unitarity condition is built into the Chew-Low 
equations at the very beginning.
Furthermore, as it is easy to show, in this approxima­
tion the scattering amplitudes must go to the unitarity 
limit for energy co= 0 in the case T = 0 . Let us suppose 
that T’fo-htcJ/o , then T(=t^ o) diverges because of the 
term proportional to (i-2nF(x)j in the second Suhl*s 
equation (4.33) • That divergent contribution is pro­
portional to
í
I Tr (x + I £ )\ Cx) * (H.^)
where оаооД is even function of x , thus + о
Furthermore, because of the electron hole symmetry 
It (x+it ) I г = |-t (-X + '£)IZ j iTíx-tié) \t (- Jr 4 i£)lZ
and pfx)-jo(-x) therefore the right-hand-side of 
equation (4 .3 2 ) is pure imaginary, if V/= о . Thus, 
from equation (4.32) one obtains |w, -fc (o~i€) = ~- 
whioh is the unitarity limit given by formula (4.35).
The oaseV/D will be discussed in the following section.
We have seen again that the crucial term of Suhl’s 
equation is that one whioh is proportional to the factor
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(’l- 2 nF íjí)J occuring in the spin-flip scattering term,
The solution has a simple form for и:- 0 at finite tempe­
rature T-O jfHamann 1967,) •
\ гi(oj -tie) = ---- [i-
)»•
= ] (4.36 J
and 1
T  Г C.3 J =
2Po
where in the weak coupling limit
(4.39)
к IК *  O W (4.4o J
The energy dependence at 1-0 is very similar to the 
temperature dependence at co-D, i is monotonically 
decrearing starting from the unitarity value at 
on the other hand т*= о at the Fermi energy and 
exhibits a peak at energy |ы|=кТ^ and then it de- 
creares whith increaring temperature. Considering 
J*\ -t (ui) at T - о , a resonance is^gradually smea­
red out with increaring temperature.
The solution shows the following features:
(i) the behaviour of the solution is logarithmic at 
low and high temperature (see equations 4 . 3 7  and 
4-38) and at small and high energies, as well.
.found at the F e r m i  level, which is s y m m e t r i c  in e n e r g y  unci has
a width of k? . This r e s o n a n c eК
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fiii) in the region T V T K 1 or M/TK^1 .the solution 
is in agreement with those obtained in the leading 
logarithmic approximation ^see equations 4*24 and 
4 . 2 3  )  .
The impurity resistivity is determined by the tempera 
ture dependence of II*4(u?) | ^  0 as
к or)- 2 T  C
р л
/и. т1к
Í(i»£)l+S(S+rff*.
( 4 . 4 1  )
where c is the concentration of the impurities fnum- 
ber in unit volume J , is the Fermi momentum
V Uand € is the electron charge.
The zero temperature resistivity is determined only 
by the unitarity limit (the expression in the bracket 
in equation (4.4l) is equal 2j , and does not depend 
on the value of spin ^  •
(ii) г*. + tends to the unitarity limit as —  ,
TK
^  0 .In this case the scattering is spin con-
•k
serving at the Fermi level in agreement with the 
general statement (iij in section 3*4«
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Similarly to the impurity resistivity, other physical 
quantities, like susceptibility, heat capacity and the 
change of entropy A  -5 have been calculated on the ba­
sis of this approximation. Zittartz (l968/b ) determined 
the susceptibility assuming that the -factors for 
conduction electrons and the impurity spin are equal.
, 7£r .The following expression w as obtained for Iи -j-
X < r )  =  ú f  W C S ( s ^ )  - ( S * 4  ) +
^ ^í£íii +-pattti Urъ+ 0 (йг%) (4-42j +  /* I k  [ r  J
<TThis expression goes to a Curie low at very low tempe­
rature. Thus the effective moment ^ J  ' determined
from the susceptibility using equation (4.27) does not
_ —1 $disappear as r[1-9 Q . in other words, this result doés 
not agree with the expectation that the ground state 
is singlet and its magnetic moment is zero (see section 
5.4) .
The heat capacity was also calculated and.it exhibits a
peak at T - á-T, and the energy change related to the о r\
formation of the ground state is of order к T.К
(Hamann and Bloomfield 1967Jo According to this result 
the heat capacity C(T J ~b Q with some power of T  as
rp
1 0 • The entropy change related to the formation
of the ground state was calculated as well by Zittartz 
and Müller-Hartmann (1968) and it was found that
AS=- kx p25t2)l»^5+z)+.25U25-Z(2Stillb(2S^pJ .
s  7 (4.45;
This result depends on th£ value of the spin S t it 
does not show, however, that the transition would place
between a singlet ground state and a free spin with degree 
of freedom zero and 2 S^1 , respectively.
Summarizing the result obtained in the one particle inter­
mediate state approximation one can conclude that at high 
temperature it reproduces the perturbational result at 
least in leading logarithmic approximation. At lower tem­
perature it provides an imaginary part to the scattering 
amplitude in that way that the unitarity condition is sa­
tisfied and at zero temperature the scattering amplitude 
tends to the unitarity limit. However, the other results 
for low temperatures are very questionable. The problem 
is left to make clear how much the low temperature be­
haviour can be effected by including the contributions of 
the many particle intermediate states. This question can 
be answered either by comparing the theoretical expressions 
with the experimental results or on theoretical grounds 
by using renormalization and scaling arguments. This
i
v/ill be discussed in section 6 «
4o6 Kondo effect including potential scattering
The discussion presented in the previous section about the 
unitarity limit is based on the assumption that the inter­
action is pure exchange scattering and V- 0 in the Hamiltonian
4.6 . Actually, thé mean features of the formation of
resonance is not influenced by the potential scattering, 
but our conclusion that T?«
in not generally valid, зее the real part of equation (4 .5 2 J. 
The problem with potential scattering has been worked out 
in the framework of Nagaoka»s equation /'Fischer 1967,
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Schotte 1968 , Kondo 1968, Nagaoka 1969).
The Kondo scattering is very sensitive to the density of 
states at the impurity site. The potential V  changes this 
density of state» and that results in two different effects
The result can be expressed in term of the conduction 
electron phase shift cfy due to the potential scattering. 
The potential У  reduces the density of conduction 
electrons at the Fermi level by a factor coscfy thusr Д/ JH 2 rmust be replaced ^ p öCos c/y which can be done in a 
formal way by introducing and effective exchange inter­
action
3" =  -3- cos c C
(4.44 J
Furthermore, in Nagaoka*s scheme the resistivity is 
essentially changed compared to equation (4.41J and 
(Nagaoka 1969)
+ c« V v [i - ,  k ^  - 1
/4.45 J
which is in agreement with equation (4 .4 1) if c/y-Q •
The value of the resistivity atT = 0 is reduced by a 
factor cos a у with respect to the unitarity limit, 
This result has been derived in the framework of the 
one-particle intermediate state approximation. However, 
we emphasized at the end of the previous section that at 
low temperature this approximation breaks down, there­
fore the validity of this expression even for у  Ä 0  
is not well justified.
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As it has been first pointed out by Fischer (l967 ) 
the sign of the logarithmic terms in the expression 
of the resistivity depends on <fy , thus it may be 
opposite compared to the original Kondo results 
(where c/y * 0 ) if c(f > -£ e Furthermore, the
potential scattering may result in important effect 
for therraopower. Namely, if the electron-hole symmetry 
holds, the Kondo resonance is symmetric to the 
Fermi level -b (ы\ thus the thermopower 
is zero because it is proportional to the antisymmetric 
part of the scattering amplitude. The presence of the 
potential scattering, however, breaks this symmetry 
and the therraopower is finite.
4.7 Variational calculations for the ground state
We have already discussed the formation of Abrikosov - 
Suhl resonance in the electron-impurity scattering at 
law temperatures. At zero temperature several authors 
have considered this resonance as a bound state built 
up from the impurity spin and from the conduction 
electron polarization. This bound state Í3 formed in 
such way that the total spin of this state is zero thus 
the conduction electrons screen the impurity spin. 
Although several attempts hatf'e been made to construct 
a variational wave functions to describe this bound 
state-, these calculations do not lead to better theo­
retical treatment than -those we have described before. 
The main drawback of these approaches is, that it is 
hard, or even impossible to estimate the accuracy 
achieved. However, these attempts lead to a better
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understending the main difficulties and are therefore 
very instructive.
The first type of methods are the variational calculations 
of the Japanese group, which is reviewed by Yosida (1971) 
in considerable detail. In the first step one constructs 
a wave function in which a single electron is attached 
to the impurity spin while the other electrons are un­
perturbed. This wave function can be written in a simple 
form (see Yosida 196 6 / a-b, Okiji 1966 and Heeger and 
Jensen 1967 )
where and are the spin states v/ith <3J= Л and
<5~= - А 'лр is the wave function of the free electron
4r > \ v
gas with Fermi momentum к „ The binding energy pг JS
is obtained by variational calculation of the coefficient 
and the binding energy is given by
bi*F f- э У  4
( Ы  i  '4 ^ 0  (4-47J
This result contradits to the expression of Kondo tempe­
rature given by equation (4 o4 o ) because it gives bound 
state for ferromagnetic coupling (4 >oJ as well, further­
more the binding energy is smaller than the Kondo tem­
perature T k given by equation (4o26j as the factor 1 / 2  
in the exponent of Kondo temperature is replaced by 2/3. 
This result can ‘also be derived using diagrams, and then 
this simple wave function with one excited electron cor­
responds to summation of ladder diagrams where the ladder
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is formed by Л parallel electron and impurity spin lines 
(see e.g. the first diagrams in figures lo/a and lo/bj.
In this case, the electron and impurity spin forms a 
bound state with binding energy given above (*see e.g* 
Sólyom 1966 ) and the exponents obtained are characteristic 
to the approximations where only diagrams simpler than 
the "parquet diagrams" are summed up (see discussion in 
section 4*3 ) . Yosida ^1966/a^4966/b) recognieed this 
problem and he included an additional electron-hole pair 
into the wave function, which then has the new form
'V' = Y ,  + Z  Г а >  U j -  a  * * 4 * * -  a v  <4,*
(*)
w ^ w 3 ^ к'к*ка Лк‘1 а Ч1' * ' a Wlt
The presence of the electron-hole pair improved the 
coefficient in exponent of the binding energy, and 0 . 6  2 . 
was obtained instead of 2 /3 , this correction is in the 
direction to the value o-f 1/2. This sort of calculation 
was extended by Yoshimori (1968) who considered an infinite 
number of electron-hole pairs, and by this way the expected 
exponent 1/2 was obtained. In this calculation a set of 
coupled integral equations which was shown by Nakajima 
(1968 ) to be equivalent to Abrikosov's vertex-equation with 
logarithmic occuracy has been sol^ecUx Thus the -^parquet" 
or leading logarithmic approximation leads to ground state
(4 * 47 J
xNote: This type of calculations were extended to the case
of external magnetic field as well ((see Yosida's review 197ll.
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where already an infinite number of electron-hole 
pairs is excited. It was not possible to make further 
progress along this line without improving the calcu­
lation technique in an essentially way. This has been 
done by Sakurai and Yoshimori (1973 ) who have built 
the renormalization group technique into this schema 
^see Chapter 6 je
A different construction of the ground state wave 
function was given by Kondo ^1966) and Appelbaum and 
Kondo (1968J о Without going into a discussion id de­
tail, we only remark, that this attempt was a very 
good, example, how difficult it is to estimate the 
accuracy of the method (see Hamann and Appelbaum 
1969 j « By now is generally excepted that it is very 
hard to get reliable information on the properties 
of the Kondo s.fcate by constructing sophisticated 
ground state wave functions«,
Other type of ground state wave functions were sug­
gested starting from the Anderson model and two of 
them are very instructive. Anderson (1967/<j,)focused 
his attention to the construction of a singlet wave 
function expressed in terms of conduction electron 
phase shifts which strohgly depend on energy„ The 
basic idea has a strong resemblance to the discussion 
of section З0 6 . The starting point is a HE like pic­
ture, where the phase shifts c C  and cf increase/r p
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from zero to T  in the energy range of the d-level 
or it remains constant depending whether the d-level 
with that spin direction is occupied or not. This is 
in accordance with the Friedel sum-rule in HF approxi­
mation (see solid lines in figure 11J <, F#r< £he ground 
state, however, the phase shifts provide a correct 
description of the system at the Fermi level, further­
more, as the ground state is singlet the phase shifts 
must be the same for the two spin directions (see 
discussion in section 3«5 and % 6 j. Anderson’s main 
idea was to modify the phase shifts occuring in the 
construction of the ground state wave function in 
such way that they are altered only in the vicinity 
of Fermi energy and they are equal at the Fermi energy 
(^ see dotted lines in figure 11) 0 In our general dis­
cussion ( section Зоб ) we argued that the HF picture 
is essentially correct at large energies or 8 t high 
temperatures, thus the phase shifts are 0  or IT in 
the energy region between of the d-levels and this 
is in accordance with the broad structure of the ol— 
level density of states (see figure 6 . and 7.). In the 
discussion of section 3 » 6  the problem of two phase 
shifts 0  and I and the uniform phase shift —  at 
the Fermi energy was resolved by assuming the formation 
of a resonance at the Fermi level. In order to de­
scribe this situation, Anderson modified the phase 
shifts in the constructed wave function just in the 
region of the Abrikosov-Suhl resonance о
-  i  0 0 -
Г&  recent work of Okada and Yo3 Ída (1973) has to be 
mentioned9 They started from fitfe-fold degenerate 
impurity levels in the Anderson model and they derived 
an effective Hamiltonian by applying a transformation 
of Schrieffer-Wolff type, however, the effective Hamil­
tonian is more complicated than in the simple s-d model. 
Further, a ground state wave function was constructed 
which is a generalization of the procedure reviewed 
first in this section. The most striking conclusion 
obtained is that at zero temperature the electrical 
resistivity is proportional to смю, x )
in agreement with the general analysis of the present
authors (Grüner and Zawadowski 1 9 7 2  J and with the
work.resistivity formula (3.41), thus this домг provides 
confirmation of the discussion along the section 3 . 5  
and 3.6. This result shows again that studying low 
temperature properties one should turn*to the Anderson 
model rather than applying the simple s-d model wbich 
leads, according to our present knowledge to residual 
resistivity independent of the spin of the impurity 
(see equation 4.41) .
4 . 8  Derivation of the s-d model from the Anderson model} 
Öchfrieffer-Wolff transformation •
Along the present chapter the existence of magnetic 
moment at the impurity' site has been taken for granted 
as the moment is built into the s-d Hamiltonian (4.2).
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P r e v i o u s l y ,  on the b a s i s  of the A n d e r s o n  model, however, 
the n e c e s s a r y  c o n d i t i o n  f o r  f o r m a t i o n  of the mag n e t i c 
m o m e n t  h a s  b e e n  d i s c u s s e d  in the H.F. a p p r o x i m a t i o n  
w h e r e  in o r d e r  to h ave a m o m e n t  the i n traatomic C oulomb  
i n t e r a c t i o n  m u s t  be l arge enough, i.e. e
The g o a l  o f  this s e c t i o n  is to f ind a more r i g o r o u s  r e ­
l a t i o n s h i p  b e t w e e n  these two m o dels*
L e t  us t r e a t  the m o s t  simple case, w h e r e  the atomic orbital  
is n o n d e g e n e r a t e *  If in the A n d e r s o n  H a m i l t o n i a n  given 
by e q u a t i o n  ^2*3) £  ^  <  Q f > o  then the impurity
l e v e l  is s i n g l e  o c c u p i e d  in the limit V ka -*> 0 . The
e f f e c t  o f  the s-d m i x i n g  w h i c h  result in the c o n d u c ­
t ion e l e c t r o n  s c a t t e r i n g  on the i mpurity can be considered 
as p e r t u r b a t i o n .  This s c a t t e r i n g  c a n  be treated in the 
s e c o n d  o r d e r  o f  p e r t u r b a t i o n  theory as
И v  Ei - Н у  / 4 . 4 8 /
w h e r e  Н у  is the m i x i n g  term o f  the H a m i l t o n i a n  (2.3 ) > 
t r a n s i t i o n  r ate is g i v e n  by , E:t- and Ef ^  are the
e n e r g i e s  o f  the i n i t i a l  and i n t e r m e d i a t e  states, r e s p e c ­
t i v e l y .  Let us a s s u m e , t h a t  there is one exited condu c t i o n  
e l e c t r o n  w i t h  energy <5^ in  the i n i t i a l  state and the 
i m p u r i t y  l e v e l  is s i n g l e  o c c u p i e d  a nd so E  с " + Ы^.
The s c a t t e r i n g  c a n  o c c u r  t h r o u g h  two d i f f e r e n t  i n t e r ­
m e d i a t e  s tates ,
(i) f i r s t  the c o n d u c t i o n  el e c t r o n  jumps on the)level to
m a k e  it d o u b l e  o c c u p i e d  w i t h  energy ^
- 1 o 2 -
(ii) the d - l e v e l  becomes f irst empty by exciting a
c o n ’u c t i o n  ele c t r o n  w i t h  m o m e n t u m  к ;and in the second
step the e x i t e d  c o n d u c t i o n  e l e c t r o n  o ccupies it, thus
t^y) ~ • These pro c e s s e s  are s h o w n  in figure
12* In t he final s t a t e  the i m purity level is single
o c c u p i e d  and one c o n d u c t i o n  e l e c t r o n  is in the excited
state w i t h  m o m e n t u m  k* e The t r a n s i t i o n  m ay be spin-
- f l i p  and s p i n - c o n s e r v i n g  scattering, w h i c h  can b e
for m a l l y  d e s c r i b e d  by the H a m i l t o n i a i T Y e q u a t i o n s  (^. 3]«^
(4об) • The c o u p l i n g  str e n g t h s  and V!' * c a n  bekk K 'c
c hosen to fit the t r a n s i t i o n  a m p l i t u d e s  o b t a i n e d  in 
the A n d e r s o n  model, and then
Л/ £(A - ^ k' (4.49 )
Eu'
and ^
= к  4nt'{ ~
w h e r e  the two d e n o m i n a t o r s  c o r r e s p o n d  to the two d i f ­
f e r e n t  i n t e r m e d i a t e  states. As only those m a t r i x  
e l e m e n t s  are of i m p o r t a n c e  in the K o n d o  e f f e c t  in w hich  
the excited c o n d u c t i o n  e l e c t r o n  ene r g i e s  a re n e a r  
the F e r m i  level, j Q  . I n  this w a y  the
expressions f or
kk
a nd \/,к к. , are s i m p l i f i e d
to U_ _ \w Iъ —
JJ кД| U a | ( n - I ^ l j
< О
( 4 »5°)
and V.
/V * ± \ к л \г
u  - i i s a I
>  ОIs* I (a - 18дIJ '  ~  - . (4.51 j
Thus the e f f e c t i v e  e x c h a n g e  i n t e r a c t i o n  d u e . t o  these
p r o c e s s e s  is a l w a y s  neg a t i v e .  T hese e x p r e s s i o n s  has
b e e n  f i r s t  d e r i v e d  by C l o g s t o n  a nd A n d e r s o n  (1965 )
1оЗ-
a nd K o n d o  ( 1 9 6 2  ) • A c a n o n i c a l  t r a n s f o r m a t i o n  was applied 
by S c h r i e f f e r  a n d  W o l f f  ( 1 966J in o r d e r  to arrive at 
the a b o v e  result, Ш +  g e n e r a t o r  ^  is given by
VXk cK
S - l<,5- £*.-^-1*
i c c } (4.52J
vS Sa n d  the n e w  f orm o f  the H a m i l t o n i a n  is e H e  . These 
r e s u l t  w e r e  g e n e r a l i z e d  by S c h r i e f f e r  ( 1 9 6 7 J a n d  
Mühls'ohlegel (1968 J f or t h e  d e g e n e r a t e  A n d e r s o n  m o d e l 
a nd f o r  this s i t u a t i o n  the r e s u l t  g i v e n  in equation 
( 4 * 5 o ) w a s  m o d i f i e d  by a factor ^  w h e r e  S  is the spin 
o f  the i m purity. This g e n e r a l  r e l a t i o n s h i p  b e t w e e n  the 
s-d and A n d e r s o n  m o d e l  is u s u a l l y  q u o t e d  as Sdhrieffer*» 
W o l f f  t r a n s f o r m a t i o n  in the literature.
S e v e r a l  p h y s i c a l  q u a n t i t i e s  ^e.g. resistivity, s u s c e p ­
tibility] h ave b e e n  c a l c u l a t e d  in f r o m e w o r k  of the 
A n d e r s o n  m o d e l  by carrying out a p e r t u r b a t i o n  expa n s i o n 
in K d  C e.g. S c a l a p i n o  1966, D w o r i n  1967 and H a m a n n  
1966 ] . In these c a l c u l a t i o n s  as it has a lready been 
m e n t i o n e d  in s e c t i o n  3*4 it is a s s u m e d  that U.; [£«t I ^  A  
a n d  the l o g a r i t h m i c  a p p r o x i m a t i o n  is applied. The most 
c a r e f u l  c o m p a r i s o n  o f  the r e s u l t s  in the A n d e r s o n  model 
w i t h  those o b t a i n e d  u s i n g  s-d m o d e l  w as p e r f o r m e d  by 
K e i t e t  a n d  K i m b a l l  (l97l) w h o  f ound that, in general, 
the l e a d i n g  l o g a r i t h m i c  c o n t r i b u t i o n s  can be calcu l a t e d  
c o r r e c t l y  on  b a s i s  o f  the s—d m o d e l  w i t h  exchange 
c o u p l i n g  g i v e n  by e q u a t i o n  ^4» 5o  ), t h o u g h  the further 
terms a r e  r a t h e r  dubious. Furthermore, the a s s u m p t i o n  
Ц  plays a n  i m p o r t a n t  role, because it means
-1o4-
that the splitted d - l e v e l s  are far f rom the Fermi 
1е"э1 and their tails can b e  n e g l e c t e d  in thet^r egion. 
This a s s u m p t i o n  is cer t a i n l y  f u l f i l l e d  for Mn 
i m p u r i t i e s  in Cu, A g  and A u  h o s t  and less for A 1  h ost 
w h e r e  A is larger. This is, however, n o t  the case for 
o t h e r  i m p u r i t i e s  Fe and C r  f or example be c a u s e  the 
d - l e v e l s  are p a r t i a l l y  o c c u p i e d  a nd the d e n s i t y  is 
q uite l a r g e  at the Fermi level. In o t h e r  words, e ither  
I&CL or I Sot +  U 1 Д  does n o t  hold. F u r t h e r ­
more, it is ob v i o u s  that t h e  S c h r i e f f e r - W o l f f  t r a n s ­
f o r m a t i o n  is v a l i d  f o r  r a t h e r  large u / л  values, and 
breaks d o w  p r o g r e s s i v e l y  w i t h  d e c r e a s i n g  а / л  •
So far the d i s c u s s i o n  was l i m i t e d  to the c o m p a r i s o n  
o f  the s c a t t e r i n g  a m p l i t u d e s  o b t a i n e d  in the two models. 
L o o k i n g  at the f o r m  o f  S c h r i e f f e r - W o l f f  t r a n s f o r m a t i o n  
(eq u a t i o n  4.52 ) however, the q u e s t i o n  h o w  this t r a n s ­
f o r m a t i o n  m i x e s  the s- a nd d - s t a t e s  can be raized.
In a r e c e n t  p a p e r  S t e w a r t  and G r ü n e r  (Д973) c a l c u l a t e d  
the m a g n e t i c  m o m e n t  M  of  the i m p u r i t y  in the l imit 
1 £ < * l£*L+ W, />>  ^  by u s i n g  the H.F. a p p r o x i m a t i o n ,  
w h e n  the o v e r l a p  o f  the d - l e v e l s  are small. The r e s u l t  is
M  ’< * - »  = f*S fa ~ r  itii) ~ ^
=  / * 3  (1- L3dP°) (4*55J
А/
w h e r e  the f i r s t  e x p r e s s i o n  c omes f r o m  the a s y m p t o t i c  ex­
p a n s i o n  o f  e q u a t i o n  ( % l l j a n d  the s e c o n d  f o r m  is o b t a i n e d  
by u s i n g  the S c h r i e f f e r - W o l f f  t r a n s f o r m a t i o n  ( 4 « 4 8 ^ a n d
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equation (%1) for /s. . Moreover, in the suscepti- 
bility the factor H ( i - f  occure.
As it was already mentioned the susceptibility is 
completely localized to the d—level in H.F, approxi­
mation (see Anderson’s compensation theorem is section 
?*2), In contrary to this result in the s-d model the 
first correction to the susceptibility is the Zener 
term, which has exactly the same amplitude (see 
equation 4.27 ) but it is located at the conduction 
band# This discrapancy was studied by Grüner and 
Zawadowski (1974) who found that it is the artifact 
of Scrieffer—Wolff transformation which — although conserves 
the total momentum - mixes the d-level and conduction band
polarizations. With respect to localization "^ he 
main features of this transformation can be summarized 
in^the following way. In H.F. approximation the total 
momentum is localized to the d-level and is less than 
what would correspond to S~ V* ,therefore it can not 
be described by a spin operator. By means of the 
Schrieffer-Wolff transformation a new set of d- and
conduction-electron states are introduced by the new
5 -5annihilation operators a ke_ =r e. a. e and
S — .S'a. ■= e ex e end the new states are not completelyd<5* d<S
localized to the d-level and to the condution band, 
thus they are slightly mixed into one other. In the 
new representation the momentum on the d -level is in- 
creased by the factor (f-2 )4 l(V p0) \o achieve a locali­
zed spin with S=^/^# As the total spin is conserved 
a spin deficit occours in the conduction band, which 
is the wellknown Zener term. The conclusion therefore is,
of the Zener term in dilute alloythat the occurance
problem is artificial and is entirely due to the 
assumption that a spin wit h  half-integer value is 
formed on the impurity site. Although this conside­
ration is limited to H.F. approximation, it implies 
that the distinction between the spin and conduction 
band is somewhat artificial in the s-d model.
4*9 Conduction electron density of states and charge 
oscillation around the impurities.
Friedel (^ 1954) has first pointed out that impurities 
in metals perturbe the conduction electron states.
This perturbation is called the Friedel oscillation,
cho-r-ge per-tur ба-Ьок Apct~)^
and at large distances r ^ r T h a s  the asymptotic fora
A P (r) = f2kFr'£r+eW ( 4 . 5 4 j
where r  is measured f r o m  the impurity site, Л  is the 
angular momentum quantum n u m b e r  fin general there is 
a summation over t )  . The conduction electron density 
of states can be calculated from the one particle
/\ S. *G r e e n ’s function Ц w h i c h  is expressed by the unper­
turbed G r e e n ’s function ^  and by the spin c o nser­
ving part of the scattering amplitude -fc as 
(j* We have seen previously that at T =  0
and at the Fermi energy this scattering amplitude can 
be given in terms of phase shifti^see section 3.5) and 
this phase shift enters in the expression (4.54) •
Recently a series of calculations have been performed 
to investigate the preasymptotic behaviour of this 
perturbation. The most detailed study of the d e n s i t y
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of states ( p ( r > b > ) at energy со measured from <5F 
is given by Mezei and Zawadowski (l97l/a). Three 
characteristic distances are important for this be­
haviour: (i ) the atomic distance
and two coherence lengths (ii) £  -  Yf. and
v J J <o oo
( i “ )  -  — —  where A 1 is a characteristic energy
related to the momentum dependence of the scattering 
amplitude, Vp is the Fermi velocity ( a ' ^  v F  c f к  
where cAc Í3 the momentum region in which the
if /arge
sc a t t e r i n g  amplitude J • The
energy л '  must be in the order of the broadened ato­
mic energy levels, thus should be of around
5-lo R. This quantity may be important in the case 
of tunnel junctions wi t h  an impurity layer ( Mezei 
and Zawadowski 197l/bJ , but not in the presentcontext,
In experiments the charge oscillation, rather than the 
density of states is important. The two quantities 
are related by
О
pCr) ■* I p ( г, со9 d UD
(4.55 )
In per) the energy dependence of the spin-conserving 
s c a ttering amplitude b i o o j  has a crucial role. In or­
d er to study this effect, Mezei and Grüner (1972 ) 
considered a fr e e  electron gas with one impurity wh i c h  
is a simple resonant scatterer, in this case the 
sca t t e r i n g  amplitude has the form
. i Л-(-f10 J = —  — т----- г* T J > 0 L O - C ü 0 (4o56)
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in the angular momentum channel -(,-Z , where A  is the 
width, the position of the resonance. The charge 
perturbation is written in the form
(гfti) ■ r, , act) r-br+^loJ-tayCkptj-
У ^ТГХ * ' г-з (.4.57)
-  5  С»*) }
where the derivation from the assymptotic form ^4.54 )
Xis expressed in terms of curj and T.cj>(wFr) -tjfrj 
which describe the radial dependence of the amplitude 
and phase respectively. The function acrj is plotted in 
figure 14. for different values of co0 „ One can see,
A « —  there is a strong reduc­
tion in the amplitude, and - on the other hand - 
in the asymptotic region r~-=> «о cx cr) \ 
and reproduces expression (4.54]. In the case of our
оinterest A  is of the order of \ eV , therefore 
and should be measurable by experiment.
In the case of Kondo effect, the narrow resonance 
appealing in the scattering amplitude should show 
up in the charge perturbation in an essential way as 
the width of this resonance can be small, there­
fore the corresponding coherence length K
rather large. Although the detailed radial depencende 
depends on the form of the Suhl-Abrikosov resonance,
the main effect is the reduction of the ocsillation
amplitude at distances ' . Indeed, calculation of f Cr)
J К
on the basis of the s-d model (Bloomfield et al 1$Ц0, Klein 
1969) shows this reduction near to the impurities.f^obtained 
in this way is shown in figure 14.; far from
For the meaning ofiy&fb.nd a(r)see the original publication 
(Kezei and Grüner 1972).
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the impurities 'pCr) goes as 1г  ^ , but saturates near 
to the impurity, this saturation is the eonsequence 
of the reduced amplitude. The overall behaviour is 
the same as that calculated by Mezei and Grüner (197^ /, 
if A  is replaced by kTj^ .
These results can be formulated in a more general way. 
Let us consider some arbitrary scattering amplitude 
shown in figure 1 5 *, which has a structure with a 
characteristic width c/co in the region near to the 
Fermi energy. Looking for the effect of this structure 
1Л. the charge oscillation one can find, that at
conirj'bu-tiJ' b o  -fej.)«2
distances r»  this structure
as Vfccharge oscillation amplitude wfewfc is determined by 
t(o) only. At distances г<* ^ however this structure 
does not contribute to the charge perturbation. In 
other words at distances r one observes the effect 
of a scattering amplitude b (<*>) smeared out at an energy 
scale da; where r~ jcíuj • In way tiie pre-
asymptotic behaviour of the charge perturbation is 
a powerful tool for studying the shape and wictth of 
the resonances.
An other advantage of the charge perturbation is, 
that the temperature dependence of the oscillation 
amplitude in the asymptotic region is determined only 
by the temperature dependence of -bio) , in contrast 
to the transport properties where the energy and tem­
perature dependence is mixed together (Grüner and 
Hargitai 1971)•
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4*lo spin perturbation in the s-d model and the spin 
compensation cloud*
In section 4*8 the various contriubtions to the magnetic 
moment were discussed* In the s—d model, the term — r^p0 
Jn equation (4 *5 3 jis the consequence of the polarization
of the electron gas by the impurity spin. This polarization 
however is not uniform, but decreases going away from 
the impurity and has an oscillatory form similarly to 
the charge perturbation. In the H.F. approximation of 
the Anderson model this spin perturbation is simply 
the difference between the charge perturbations for the 
spin up and spin down conduction electrons. For a well 
split virtual bound state this perturbation has the form
oc 1ü ö T r )  = — - 0 0 3 (*WFr + jpj
ri (4.58)
with
oC Cos ip1 - f oiU, c/^ c os - oi* cf^ 0 0 X0^ )
<p 1 -  Э|иг « 4  ) ( * •  5 9 /
From the s-d model one arrives at a similar radial
dependence, and then the spin-perturbation has the well
known Ruderraann-Kittel-Kasuya-Yoshida (RKKX)forra
A<5Tr J "f- _ COS (”ZWpJ~J— oivx^VcpfJÄ7 &  -- - - - - - ^ - - - - - - -  ( 4 . 6 o j
which reduces to a c o £ - form at large г values.г 3
Comparing the amplitudes in equations (4.58)and (4 .6 oJ
t qiVgry -bq g q tta tio id , (  О )
one immediately arrives at the Schrieffer-Wolff result.^ 
^Blandin 1967j .
It was also shown is section 4.8 that a finite s-band
- 1 1 1 -
polarization is probably artificial and the integral 
over г of equation C4.6oJ should be zero instead of 
д7 JD0 • Therefore the radial dependence should be 
slightly modified, this modification shall be the most 
dominant near to the impurities (see for example 
Geldart 1972].
Naturally, the Kondo effect should modify the above 
results, as the singlet state itself is the result of 
a spin correlation. The static magnetic susceptibility 
has been discussed in 4.3« The main feature of the 
results presented there are that at very high tempera­
tures the spin is practically uncoupled to the
conduction electron, but by lowering the temperature, 
the sceening of the magnetic moment of the impurity 
by polarization of the conduction band set in at T  >1“^  
, below the Kondo temperature on the other 
hand the screening becomes stronger and at'T-oon the 
basis of general arguments (see section 3 .5 ) a singlet 
ground state, i.e. a complete screening occurs. In the 
regionT>TK the perturbation theory with logarithmic 
accuracy is appropriate, at however, the
approximation with one particle in the intermediate 
state breaks down and fails to predict a singlet ground(yee e<^4.cx-tioK,
stated This singlet ground state can be visualized in
such,a way that the impurity spin is rigidly coupled to
the screening spin polarization cloud and this coupled
system is rotating. This polarization cloud is frequently
called ’'compensation cloud". This screening should be 
formulated in terms of correlation function. The spin
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density of the conduction electron will be denoted by 
—*> _ ■+■ —^
(V) = Z  Y U  O )  op Crj operator if the
total spin is
^ e ^ ( r ) a V (4.6i;
Assuming that the ground state is singlet, thus it is an 
eigenstate of the total spin operator, it follows that
<  s ’ ( ? +  { = 0
J T -  о (4.62 )
thus
S ^ 6 "  ( r ) c J t V  ^  -  2.SCS+1) (4 .6 3 j
T -  O-* -9as <T S 5 >  - S(S"+dJ ф The energy ossciated with the form- 
tion of the compensation cloud must be in the order 
of Kondo energy kTy. • This restriction rules immediately 
out the possibility that the radius of the compensation 
cloud is in order of the atomic distance, or in other 
words, localized to the impurity site and to its nearest 
neighbours, because the energy in question would be then 
in the order of 1 eV. The other characteristic length 
which may be anticipated is given by equation (4.28).
This quantity is, rather large for small Kondo tempera­
tures, and might be expected to cause measurable effects 
in different experiments, like NMR and neutron scattering. 
The actual situation, however, is rather complicated.
First of all it would quite obvious to anticipate that in
external magnetic field the compensation cloud is pola-
/
rized in its whole extension, however,it appears that this 
is not t he case • The polarizability at a given distance
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can be expressed like
11» C r)\
H-
—  = Лв <<T*r) r^V')) (-4e64
where the external magnetic field is in thedirection. 
The second form follows from the expansion of the sta­
tistical density matrix with respect to H . The pola­
rizability can be split into two terms: (ij conduction 
electron spin density - impurity spin correlation,
(г) S у  and (jii) conduction electron spin density 
self-correlation ^cr
As we have already seen, the first correlation can not
\\
be well localized. The situation is similar for the 
second term, and to see this let us consider the total 
spin self-correlation. Assuming again that the ground 
state is singlet, one obtains forT"=0 that
<" (s + X  ” S ( S + i )   ^ (4.65J
+ \<(j ? w * v j  >
where equation (4.63)has been used. As <(^<r) C*V)"> =
— one may repeat the previous arguments
for <<?(r)S >  and thus <" i6" <г:)с^ г) must
be rather extended. In this way the polarizability of 
the conduction electrons at distance^is the différénce
of two positive terms, both with large spatial extension. 
Therefore, one can not decide v/hether the expression
(4 .6 4 J is localized inside a few atomic distances or not 
without a more detailed investigation. Similarly to the 
situation for other physical quantities however no re­
liable results are expected for temperatures T
In the logarithmic approximation, the behaviour of these 
two terms can be studied at least at high temperatures.
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The most detailed study is due to Müller-Hartmann 
(1969 and further references can be found there ) who 
used Nagaoka's schema for the Green’s function decoup­
ling* This investigation shows the following behaviour*
(ij at lew temperatures the correlation becomes strong 
and independent of the temperature in agreement with our 
conclusion that this correlation can be expressed only 
in terms of ^  •
C11 constains Qn oscillating part proportional
to r in the asymptotic region ^kudermann-Kittel-Kasuya-
\ '
Yoshida like hehaviour)
(iiij the terra^ <C<y(r)Sy and <^540 4: r/^ have
a long range non-oscillating contributions of the form of
-3 SCS4-J)
h pti(r/f— ^ut W1^  0PP0siie sign, furthermore,
these terms cancel each other in expression (4,64j*
Even if this result is reliable only at T  > T k , it shows 
that a complete cancellation in the conduction electron 
polarization may occur at large distances. This cancella­
tion is very probably quite general and indicates that no 
longrange behaviour occurs in the non-oscillating polari­
zation caused by the external magnetic field.
As we will see in the next chapter, this idea is supported 
by the experiments. Looking for the long range behaviour^, 
therefore, the correlations frj S and < C c $är(r)A r‘}
must be studied directly and only the neutron scattering 
is an appropriate tool in this respect.
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Summarizing Шсзе result one may conclude, the compensation 
cloud has a very large extension, however, only the center 
part of the spin compensated state can be polarized by 
external field. Finally, we should mention, that the appli­
cability of the s-d model may be questioned ^see section 
4.8) with respect to the above problem too and on the 
other hand no detailed study is known, while starts from 
the Anderson model.
What must be emphasised, however, is that independently 
of wheather one uses the s-d or the Anderson model the 
spin compensation cannot be localized on the d-level only, 
because it would be associated with a double occupation 
resulting in a large intraatomic Coulomb energy«
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4.11 General remarks
Along chapter 3. we have discussed the structure of 
d-level density of state s ?d, ■ \le argued that a broad
structure corresponding to the split d-level ( broad 
one-particle resonance of Friedel-Anderson type ) must 
exist, this is indicated in the HF approximation.
Futhermore, as a consequence of the singlet ground state 
and charge neutrality it was suggested in chapter 3., 
that a narrow resonance must be built up at the Fermi level 
at T=0, although its dynamical origine was not discussed 
there. In this chapter we turned to the problem of the 
Kondo effect which shows up in the form of a resonance 
at the Fermi level. According to the general relation 
between the conduction electron scattering amplitude 
and the density of the d-level, the Abrikosov-Suhl 
resonance must be superimposed on the broad d-level 
resonances.
The theory of the Kondo effect was discussed in the s-d 
model based on the Schrieffer-Wolff trasformation and 
in that limit of the Anderson model, where the d-level 
density of states is negligable at the Fermi surface.
Thus, the essential assumption of the theories is that 
the overlap of these two different resonances is small.
It is strongly believed that the occurance of the 
Abrikosov-Suhl resonance does not depend on this assumption, 
only the mathematical treatment is simplified in that limit.
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The general case seems to be too hard for the existing 
theoretical methods. If one considers the broadening 
of the d-level first, the treatment of the narrow 
resonance is extremely difficult thus one start with 
HP approximation in which the rotational symrnertry is 
broken. The main task would be to restore this symmetry 
by some mathematical trick which still has not been found. 
On the other hand, starting with V^=0 and treating 
this term as a perturbation one cannot arrive at a 
broad d-level overlapping the Abrikosov-Suhl resonance.
It is generally believed that although the mathematical 
details are not worked out yet, the physical picture 
is correct.
There are further difficulties in the description 
of the Abrikosov-Suhl resonance. If one deal with 
T>>Tj£ or l&>l >>kT^ there is a mathematical guideline 
the logarithmic approximation. In the one-particle 
intermediate state approach this method is extended 
to lower temperature without further mathematical 
justification. It is a success of this method that all 
of the physical quantities remain finite, but it 
fails to predict the singlet ground state and the 
correct entropy change. At this point we can state 
that at low temperature or energy a more general method 
is required, however, one can be convinced that many of 
the main features of these results as the monotonically
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increasin^resistivity and decreasing effective moment 
with decreasing temperature, bump in the heat capacity 
around T=T^ are correct. At high temperature the 
logarithmic behaviour is certainly well justified, 
however, at low temperature thepe are not relaible 
predictions.
A further problem i3 that the simple s-d model 
probably results in the unitarity value for the zero- 
temperature resistivity for all of the spin values 
S=l/2,1,3/2.. and that contradicts to the charge 
neutrality. This problem could be cured in a 
phenomenological way by assuming a small static 
potential scattering in addition to the exchange 
interaction, this procedure however seems to be artificial. 
Therefore, a complete description can be expected only on 
the basis of the Anderson model.
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5. EXPERIMJTS ON DILUTE ALLOYS 
5.1 Introduction
Although the phenomenon itself - the resistance mini­
mum and the logarithmic dependence of the resistivity 
on T1 - was veil known by experimentalists for about 
3o years, a more or less complete experimental situa­
tion has emerged only at the end of the sixties.
The main factor for this is that it is often difficult 
to separate the single impurity properties from inter­
action effects, these interactions usually have a great 
influence on the measured parameters. The main source 
of interaction is the RKKY perturbation whioh provides 
a long-range indirect coupling between the impurities, 
and relatively distant impurities can be coupled to­
gether. An additional effect, which may be even more 
important occurs when the impurities are in the Kondo- 
state. Prom arguments presented in the previous chapter
it follows, that the screening of the impurity spin is
✓
performed by electrons in the energy range 
around the Fermi level. Therefore, for a free electron 
band with a bandwidth 3) , the relative number of con­
duction electrons which take part in the screening is 
of the order of ^ЛГ* and so for an impurity con­
centration c. > there are simply no enough conduo-
_ 0tion electrons for screening. If К » then for
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Q) = ^ 0eV this critical concentration is around 
lo ppm! Naturally this concentration is larger for 
larger TK , but then the phenomena connected with the 
Kondo-effeot are weaker, and the separation of the 
effect due to the impurities from the matrix proper­
ties is more difficult.
Local method like Mössbauer-effeot (KÉJ, nuclear 
magnetio resonance (NMR) , nuolear orientation (NO) 
do not suffer from the above limitations, moreover 
have played an essential,role in this field due to 
the looal character of the problem; other methods like 
electron spin resonanoe (ESR ) and neutron scattering 
have not been widely applied and the experiments are 
not fully understood.
In the following we discuss the experimental situation 
on alloys which are expeoted to be appropriate for the
Anderson model and use the information obtained mainly 
on 3d impurities in noble metal or aluminium host. Our 
goal is to anirwer the questions raised in the previous 
chapters, and the experimental fact will be summarized 
around the following points: (i)
(i) Basic parameters of the Anderson model. Here the 
HP approximation provides the theoretical background, 
experiments performed at high temperatures, where many 
body correlations are absent, are essential in this 
respect.
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(ii) Properties in the Kondo state. The experimental
data will be organized to support the assumptions of
the previous ohapters as well as to demonstrate the 
oonsequences of these assumptions. In particular the 
evidences of the singlet ground state at T = 0  and 
the charge neutrality will be discussed. In connection 
with the experimental facts about the Abrikosov-Suhl 
resonance and about the correlation effects the ques­
tion about the validity of the various approximations 
will be raised as well.
(iii) Relation between the Priedel-Adnerson and the 
Abrikosov-Suhl resonanoes. Here we examine the "T^  
values of various alloys, this provides an experimental 
test of the Schrieffer-Wolff transformation and of the 
validity of the s-d model itself.
Finally we attempt to collect those main experimental 
facts add indications, which still await theoretical 
explanation; attempts to answer these problems are 
left to the next ohapter where the latest theoretical 
developments on the Kondo-problem will be discussed.
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5.2 Basic parameters of the Anderson modelj HP 
analysis•
In order to gain insight into the nature of the Priedel- 
Anderson resonances discussed in chapter 2. experiments 
with energy range comparable with the basic parameters 
U and A are idealé Macroscopic thermal,transport and 
magnetic properties give only indirect information on 
this resonance formation through Permi surfaoe effects. 
Looal properties are in one hand closely related to 
the macroscopio properties arid therefore reflect low 
energy processes but in some oases energy distributi­
ons well away <£ are sampled too by these techniques«
Optical experiments are the most important in this 
context, as the excitation energies involved in the 
optical absorption process are several eV. In spite 
of serious limitations considerable impurity concent­
ration around \ at c/o} is needed to arrive at a measurable 
extra absorption, and the class of alloys is limited 
mainly by the absorption properties of the host etc. 
these experiments proved to be the most valuable. One 
expects absorption peak at E with a width somewhat
a, S"
larger than A due to the inherent width of the ab­
sorption process itself.
Available optical data fully confirm the Priedel-
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Anderson picture of the resonance formation in parti­
cular the classification of alloys according to the 
parameter (U + 4 4-) (£p ) • Thus only a single
absorption was found in CuNi ( Drew and Doezema 1972) 
well below the Fermi level* The resonance is near 
Lorentzian, A =0,27 eV and E, =0,75 eV. With theseck
parameters the total number of electrons in the reso-
«Г
nance A/^  =8,9+ о ,1, in accordance with the charge 
neutrality as originally there are 9 electrons in the
d-shell of the Ni atom* As the resonance is nearly 
full (£>) is small and therefore this impurity is 
well in the non-magnetic limit (U + 41j p la
the middle of the 3d series where the density of states 
is expected to be large well separated absorption 
peaks appear, these are particularly well pronounced 
in AgMh ( Meyrs et al 1968J and AuMn ( Steel and Therene 
1971 ) • One resonance is well below the other well 
above (fp , E - E . _  =4,8 eV in these casesr 7 d,(T d, -
this value should be rather near although somewhat
smaller than U + 4 4- , see equation (3*2o),
0,5 eV for both alloys. With these parameters 
C u + t h e r e f o r e  both systems are well beyond 
the HF boundary in the magnetic limit. Other relevant 
data ^  for references see Rizzuto 1974 and Grüner 1974) 
on Au alloys are absorbed in figure 16., where thb 
arrows show the position of the Fermi level with 
respect the broad resonances the relative positions
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of the resonances were inferred from the observed 
absorption peaks. The precise width of the resonances 
were not obtained from the experiments we can however 
assume that A is praotically constant f of about 
0,5 e V ) , and U + 4}' should be reasonable constant 
too around 5 eV . The virtual bound state seems to 
be double peaked in these cases except possibly for 
AuV where the experimental situation is not completely 
ol ear, and on the other hand (U + Ц 4 ) {ef ) ~ 4 
for this alloy. AuNi, however is similar to CuNi, and 
only one rescnanoe was observed (Drew and Doezema 
1 9 7 3 ). Similar situation is expeoted to hold for Ag 
and Cu alloys, although clear - out experiments are 
not available. For A1 - alloys optical experiments 
would be ideal to answer the important question of 
the parameters which determine the magnetic hehaviour. 
It is expected that A  is increased compared to 
noble metal hosts due to the larger density of host 
states and a reasonalbe factor of two or three 
increase would result in a "borderline" situation 
where ( u + ^  4 (eF) is near to one in the middle 
of the series.
The variation of pd (€F) when moving along the 3d
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series and shown in figure 16 is reflected in the 
high temperature impurity resistivities of these alloys. 
Figure 17. shows the incremental resistivity "R/at i» for 
the alloys in question at room temperature, the double 
peaked structure, due to the double peaked virtual bound 
state is evident both for Au and Cu hosts. The HF ex­
pression of the resistivity, equation (3.22 j describes 
the main features of the above behaviour and several 
authors, following Daniel(lS62) performed a quantitative 
analysis using two phase shifts and ooupled
together by the Friedel sum rule equation (3.18) .
Such type of analysis however is not entirely correct, 
the main obSection probably is, that the HF expression 
neglects the spin-flip scattering, only the potential
scattering is retained. The negleotion of the spin- 
flip process might be the most important for Ma impu­
rities, here because of one resonance is well below, 
the other well above <5,= the potential scattering is 
fairly small and the impurity represents a well formed 
spin. In fact, in these oases the resistivity is de­
scribed reasonable well by the expression, derived from 
the s-d model
(5.1 J
with S ~ 5/2 and 3- =0,35 eV. We shall see later, that
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this value 3- is in accordance with other estimations.
Although many-body correlations are effective even at 
room temperature in A1-based alloys, recent high tem­
perature resistivity measurements, shown in figure 18 
suggest again in the appearance of a double peaked 
virtual bound state, at least for Mn, implying that 
(u + ^  (6F ) > { for this case. The separation
between the two peaks is probably not so well pronounced 
than for noble metal hosts due to the larger width A
While the resistivity is sensitive to C£F )
only ( see equation 3»22 j - and the temperature dependence
'small due to the broad'
of R is expected to be (and so weakly energy dependentJ 
d-states (* at least in the HP approximation] , the 
thermoelectric power (TEP) reflects the energy deriva­
tive of the density of states at p  # In the non-mag- 
netic limit of the HP approximation ^  °'K )^Z^F)
however correlation effects should have drastic influ­
ence on this parameter. In fact deviations of the 
measured TEP from that excepted on the basis of the 
Priedel-Anderson picture with virtual bound state 
widths derived before signals the strenght of these 
many-body correlations. Indeed A derived from the TEP 
agrees with that obtained form the optical experiments
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only for cases where ( ц + ц . ) j>d (£> ) is small 
compared to one a classical example is CuNi (Klein 
and Heeger 1968 ) M T E ? )  evaluated from the low tem­
perature thermoeleotrio power however decreases dras­
tically as the correlation increases, in CuCo for 
example it is three times smaller, of about о ,15 еУ, 
the situation is similar for AuV. This effect is 
dearly seen is A1 -based alloys, where A ( B T T ) decre­
ases drasticálly in the sequenoe Co, Fe, Mn and then 
increases again going towards the beginning of the 
series#
The situation is similar for the specific heat as this 
parameter is also influenced by low lying fluctuations. 
The electronic specifio heat coefficient
in the non-magnetic limit and alloys again to evaula-
( ( Dec. etjufttibn ЗЛ 2.)
te Д У Г The drastic reduction of the virtual bound 
state width evaluated by this way compared to the 
optical data in Al-based alloys and in AuCo, AuV 
points again to important correlation effects. Al­
though TEP for magnetio cases like CuMn can be accounted 
for by a phase-shift analysis similar to that suggested
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for the resistivity it is rather hard to estimate the 
correctness of a such type of analysis. No valuable 
specific heat experiments were performed on magnetic 
alloys, mainly due to the fact that impurity inter­
actions are rather important here.
The magnetio properties give the most dear distinction 
between "magnetio” and ”n.on-magnetic” impurities, al­
though later it will become clear that this distinction 
is somewhat arbitrary. Not relating the measured tem­
perature dependence of the susceptibility to -theoreti­
cally derived formulas it is usually accepted that a 
Curie-Weiss susceptibility
■z
.■X (T) « JllÍ1- - - - -  ( 5 . 3  j
Зк (T + o)
is an indication of a well defined impurity moment, and 
a Pauli susceptibility shows the absence of the moment. 
The relation of the above classification to the density 
ot states is clear (at least in the framework of the 
Priedel-Anderson picturej a double peaked virtual bound
state is connected with a Curie-Weiss, a spin degenerate 
virtual bound state with a Pauli susceptibility as 
discussed in section 3*2. This connection is born out 
from the experiments, bin, Cr and Pe impurities show a 
well defined Curie-Weiss behaviour in noble metal hosts, 
and u decreases going from Mn to Cr and Pe in
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? СН)/«Ш.., = 4 -  М > 1 ± гJ гт-(кт)г (5.5)
(Beal-Monod and Wiener 1969) which explains the ex-
rLperimental findings and gives an estimation of •
The local properties and experiments are essential
^oíIIo q s л 4**г^ег- aj~J---- 1 .у,-------■*
in dilute vantage is that these methods are often free 
from impurity interaction effeots. Until now mainly 
static properties like local oharge and spin distribu­
tions have been investigated by ME, NMR and NO tech­
niques, dinamical effeots measured by ESR and NMR 
relaxation experiments and which influence the NO ex­
periments are still not well understood.
Although in a somewhat arbitrary way, but might dis­
tinguish between properties neasured at the impurity 
site and at the site of host atoms. In the former case 
the looal susceptibility induces a hiperfine field at 
the impurity site, resulting in a shift of the NMR 
line Knight shift and a splitting of the Mossbauer 
line and has a pronounced effect on the nuclear orien­
tation. This hiperfine field has two contributions 
coming from the spin adn orbital components of the lo­
cal susceptibility, the measured field together with 
the relaxation time can be used to separate of the 
above two components. The relevant experimental data
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It mist "be mentioned that the first 'Born app* oximation 
of the s-d model is appropriate for describing the 
properties of strongly magnetio impurities, at least 
at temperatures and then the reduction of the
moment from the Hund’s rule value \ S ( S + i - is
explained by the antiferromagnetio polarization of the 
conduction eleotron states, this polarization is pro­
portional to 3: P ) • Tile ‘bo‘tal effective mo-v J 0
ment (see equation 4.S+3)
M  « (J [d (5.4)
therefore a negative s-d coupling acoounts for the 
observed reduction, see seotion 4.8.
The most dramatic effect which cannot be understood
on the basis of a HP analysis is the giant negative 
magnetoresistanoe observed in a number of strongly
magnetic alloys (see for example P. Monod 1968 j , 
however the s-d model provides a natural explanation 
of this observation. In the expression of the resifc-yand k <°j
tivity (equations 5.1^ 2/3 of the osattering ampli­
tude comes from spin-flip, 1/3 from non-spin-flip 
processes. The spin-flip scattering is frozen out 
by the application of magnetic field leading to a 
strong decrease of the resistivity with increasing 
magnetic field, in small external,magnetio fields
- 1 3 1 -
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'Ll- От)* (5.5)
(Beal-Monod and Wiener 1969) which explains the ex- 
perimental findings and gives an estimation of .
The local properties and experiments are essential
^alloys л  -fa r ^ « r ad -
in dilute vantage is that these methods are often free 
from impurity interaction effeots. Until now mainly 
static properties like local oharge and spin distribu­
tions have been investigated by ME, NMR and NO tech­
niques, dinamical effeots measured by ESR and NMR 
relaxation experiments and whioh influence the NO ex­
periments are still not well understood.
Although in a somewhat arbitrary way, but might dis­
tinguish between properties measured at the impurity 
site and at the site of host atoms. In the former case 
the looal susceptibility induces a hiperfine field at
the impurity site, resulting in a shift of the NMR 
line Knight shift and a splitting of the Mossbauer 
line and has a pronounced effect on the nuclear orien­
tation. This hiperfine field has two contributions 
coming from the spin adn orbital components of the lo­
cal susceptibility, the measured field together with 
the relaxation time can be used to separate of the 
above two components. The relevant experimental data
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have been summarized by Narath (l972j •
The charge perturbation amplitude, which can be mea­
sured by NMR techniques (Bloerabergen and Rowland 1953) 
follows the same pattern as the residual resistivity^ 
available date on Cu-based alloys (bumpkin 1968 
Tompa 1972 ) indicate a double peaked dependence on 
the impurity atomic number, similar to figure 17* 
(Tompa 1972). In A1-based alloys it is single peaked 
at low temperatures, at high temperatures it beoomes 
double peaked like the impurity resistivity (Grüner 
and Hargitai 1972 Grüner 1972 ) .
The measurement of the spin perturbation by NMR method 
alloys the s-d coupling to be evaluated. This pertur­
bation causes a line broadening, proportional to the 
external magnetio field, and to the amplitude of the 
perturbation. This amplitude is proportional to
± nhere * = • Usine Л/ }the susceptibility data in the same alloys —  oan beN
derived by a line shape analysis/ and relevant experi­
mental data using both data taken on the host and 
impurity nuolei are shown in figure 19. Die overall 
behaviour, the minimum in the middle of the series is 
in agreement with the prediction of the Schrieffer- 
Wolff transformation and will be discussed later.
5.3 The magnetic-nonmagnetic transition: the Kondo effeot
The explanation of the resistance minimum, well known 
Ъу experimentalists for 3o years gave the first indica­
tion of a nonperturbative low temperature state at cer­
tain cases. Although the above effeot has been thought 
to be a really low temperature phenomenon, it has been
suggested later Schrieffer (1967 ) that T  may very•\
several decades from alloy to alloy, from the region 
to well above room temperature.
The main features of the magnetic-nonraagnetio transition 
are well observable although the details may be strongly 
infuenced by impurity interactions. In the susceptibility 
0 is a measure of a hump in the thermoelectric 
power and speific heat as well as a strong increase of 
the resistivity gives a further indication of the Kondo 
temperature. These behaviours are displayed is several 
Review Papers /Van Dam and Van den Berg 1969 ,
Rizzuto 1974 ) and therfore we list only the arguments 
for an иexperimental scaling” i.e. for the conclusion 
that the key parameter is the only energy which deter­
mines the temperature behaviour of the various physioal 
properties and these properties are rather similar in a
reduced ^ /t  scale for valious alloys. The most clear-cut К
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evidence has been supplied by Babic et al (1973) who 
measured and collected the temperature dependence of 
the impurity resistivity of various alloys, this plot 
is äiown in figure 2o. While 7^ varies from 1 °K 
^ZnMn) to 5oo °K (AIMn) , in all cases 'RÍT)~ i ~ J 
at Tc<-Tthen flattens off and becomes logarithmic at
к
T >>T where this temperature range is accessableк
experimentally о The TEP looks remarkable similar for 
different alloys too although the sign and magnitude 
depends on the potential scattering background, this 
similarity has been first noted by Heeger (1969).
A similar conclusion can be reached by inspecting the 
temperature dependence of the susceptibilities. In the 
previous section it has been noted that the suscepti-
(•fc«iM|oeratur< inÁ p e и (А t )
— —  ----------------------- !_________________________ /bility of AuV has a Pauli fornrat low temperatures 
(with a leading J Z dependence, van Dam et al 1972 ) 
which changes gradually to Curie-Weiss form at higher 
temperatures. Cu Pe displays a similar behaviour and 
below 1 °K a susceptibility proportional to T  ^  
was found although by an indirect way (Triplett and 
Phillips 197o J. In MMn, where the temperature depen-
. C poor I n i  и м  J
dence of Хд^\^шЕкез the evaluation of the contri­
bution from the Mn impurities somewhat ambiguous, the 
temperature dependence of the impurity Knight shift 
(Állóul et al 197o ) indicates a high temperature
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Curie-Y/eiss behaviour too.
These evidences strongly suggest that the Kondo effect 
is not restricted to low temperatures but is a more or 
less common feature of dilute alloys, although the most 
pronounced effects are found when is small. This 
suggestion leads to the speculation that some alloys 
traditionally thought to be nonmagnetic in HP sense are 
in fact in a Kondo state and a smooth transition bet­
ween the two types of states exi-sts when (u + *+1 (eFJ
is varied. This continuity hypothesis has not been en­
tirely proved experimentally, various types of experi­
ments like NMK measurements revieved by Narath(197? ) 
point however ' towards such direction. To reaoh a final 
conclusion, however a closer inspection of the proper­
ties of the low temperature T < < T  Kondo state is required.
5.4 Physical properties in the Kondo state
This section is devoted to the discussion of the nature 
of the Kondo-state, and that of the magnetic-nonmagnetic 
transition. Although arguments presented before suggest 
that the Kondo effect is a rather general phenomenon, 
here we mainly use experimental information obtained on 
alloys where clear-cut magnetic behaviour is observed 
at high temperatures. Thus the nature of the 
state is rather different from the high temperature
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behaviour in these oases and the effeot of Kondo cor 
relations is well observable*
5.4*1 Evidences of a singlet ground state
The susceptibility has been used previdusly to distingu­
ish between magnetic and nonmagnetic impurities, this 
distinction is based on 'X (T ) • The Curie-Weiss behavi­
our oan be though to arise from a temperature dependent 
effective moment thus
я т  - M i
. (5.6 j
The finite susceptibility at T»o shows that 
gradually disappears at "TV 0 • Using equation (5.6J 
to interpret the experimental data the temperature de­
pendence of the effective moraent'can be evaluated. 
Figure 21 shows ^  obtained in this way for
AuV alloys(van Dam et al 1972j. Although the detailed 
temperature dependence is slightly different for
different V concentrations, for all concentrations 
/JLq^ 0 as T -* О • This behaviour is repro­
duced by the temperature dependence of the impurity 
Knight shift (Narath 1972] , demonstrating that the
magnetization disappears at the impurity site and ii 
not due to a negative definite polarization outside
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the Impurity oell • It must be mentioned, however, that 
the above findings show only that < S ^ > = 0  ~Г= о
but not S itself, in faot in the Kondo model the latter 
is constant, see seotion 4*9 •
The speoific heat anomaly, oonneoted with the transition 
supplies a further evidence for the singlet ground state. 
The total entropy oonneoted with the transition
can be evaluated from the temperature dependenoe of the 
impurity specifio heat, for CuCr and CuFe it corresponds 
to "R I* ('ZS + 1) * 7? I* V. (Triplett and Phillips 197o,/ 
showing that the high temperature spin disorder entropy 
has been remowed from the system below ТГ ie.e theK.
ground state is a singlet.
Although the temperature dependence of the transport 
properties is not directly related to the singlet nature 
of the ground state, the strong temperature dependences 
found in these parameters indicates a strongly tempera­
ture and or energy dependent scattering amplitude whioh 
builds up at T  <  T k , the nature of this resonance 
will be discussed later.
s
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5.4.2 Properties of the Kondo resonanoe
The question reised at the end of ohapter 3*5 must 
be answered on experimental grounds, this ohapter 
oolleots various evidenoes which indioate that a nar­
row resonanoe is forming, at £p in the Kbndo state, 
and analyses the properties of this resonanoe. These 
evidenoes are based partly on maorosoopio and partly 
on looal properties, the combination of the two infor­
mations is needed to arrive at a firm oonclusion. 
Maorosoopio properties - in particular transport pro­
perties are essential in this respeot - suffer from 
two limitations:
(i ) Being "Fermi surface properties" they are extremely 
sensitive to small variations of the scattering pro­
cess near £ (in the energy region kT ) but give mo 
direot information on the density of states far from 
the Fermi level.
(ii) Both the energy and temperature dependence of the 
scattering enters in the relevant expressions of the 
transport properties. For example the Bethe-Sommerfeld 
expansion gives for the resistivity
'■RCt )~ I». 4 rFi..T\ t irVT1 ЭгкН«*;т;
CO (5 «6)
co - £F •
-139-
Thereforeboth the T and u> dependence influences 
^  fT) • the situation is similar for the TEP 
and Lorentz number, and for the thermal ahd magnetio 
properties too*
The local properties often do not suffer from these 
limitations for example the oharge perturbation around 
the impurities is sensitive to the scattering ampli­
tude far from the Fermi level, and the temperature 
dependence is driven only by the temperature dependence 
of the scattering amplitude, see section 4-9, this 
difference with respect the resistivity will be used 
later to seperate the energy and temperature dependences.
The scattering amplitude а-t T*  0 however is not 
influenced by the many . body effeots whioh lead to 
strong energy dependences, and is determined only by 
the total number of electrons introduced by the impu­
rity »(equation 3.41 ) is independent of the approxi­
mations involved and has a general validity. Figure 
22. shows the impurity resistivities extrapolated to 
*“[%, О for Cu, Au and A1 based alloys, for CpMn,
CuCr and AuMn the Kondo temperature is so low that 
no relevant experiments exist below • T^e full
line is calculated using equation (3.41).The good 
agreement between the calculated and measured points
- H O -
provides a firm basis of the oharge neutrality* A 
further piece of evidenoe can be given lby comparing 
Äk =rR(T^TK )-“R (T-^T^ ) tor CuPe and CuCr. As the high 
temperature spins of the two impurities are nearly
identical A H  should be the same for the two impu-
\
rities, if it is proportional to S as suggested 
^Schrieffer 196^-J while for the oharge neutrality to
hold it should be given by the difference of the^high 
(T»Tk j and low ( TK J temperature expressions 
of H(T) »('equations 3*22 and 3«41) , this difference 
is shown in figure 21. too. Experimental values of 
A H  are 2 О ^  R c n /ЛУ. for Cr and Qp.Sll+bVo 
for Pe impurities clearly favouring the pioture we have 
presented ont the basis of the oharge neutrality in 
seotion 3*6. Charge perturbation amplitudes for A1-ba­
sed alloys extrapolated to T* о are also in agreement 
with the charge neutrality condition, and the osoilla- 
tion amplitudes can well be described b<^ equation 
(4.54) with one phase shift which is independent of the 
spin direction.
We stress again, that although equation (3.41) is the 
same than that obtained on the basis of the HP approxi­
mation in the nónmagnetio limit, it has a more general 
validity and does not require a simple Lorantzian den­
sity of states.
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The energy dependence of the density of states énters 
into the expression of the temperature dependences of 
the transport properties, although it is mixed together 
with the temperature dependence of (€F ) . There­
fore the question about the density of states raised in 
chapter 3.5 cannot be resolved by inspecting the trans­
port properties alone. Comparing however these tempera­
ture dependences with that of a related local property 
the charge perturbation around the impurities, the enffgy
and temperature dependence can be separated. The reason
V'is that while the lowjtemperature resistivity is given 
by equation (5.8) and two terms contribute to the tempe­
rature dependence, the charge oscillation amplitude ref­
lects only -b(£F]'v) therefore by comparing »qiinti niv? 
и» I 1 >■* Щ  can be evaluated in certain
cases Grüner and Hargitai 197l) . Such analysis leads 
to a strongly energy dependent scattering amplitude near 
<fF for AIMn, this can be characterized by a width of 
about o.iet' which is near to kT(< for this alloy. It 
supports therefore possibility (ii ) in seotion 3«5 i.e. 
that a sharp resonance is built up at £ p • This is the
Abrokosov-Suhl resonance, discussed in section 4.
-г— 4As the resonance has a width approximately , both
the low and high energy parts of this resonance can be 
studied if the temperature range of the experiments 
extends from well below to well above the Kondo tempe­
rature.
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Theoretical formulas obtained on the basis of the s-d
model cover the whole temperature interval in questi-
on and can be compared with the experimental findings.
Such a comparision is presented in figure 22., where
R. (T) measured in Cu Au Fe alloys is compared with 
' x 1-X
the Hamman curve equation(4.38j• The full line is cal­
culated by adjusting 5 to achieve good agreement with 
the experiments, this gives S-o.ljjjthis is much smal­
ler than the spin 3/2 observed in the susoeptibilityj. 
The agreement is poor expecially at low temperatures,
where 'R Ct  ) ~  \ - y/g) experimentally, while 9TUT)
Э Т
diverges in Hamman’s expression. This disagreement,
>
which holds for the other transport and for the termál
and magnetio properties, is however not fundamental 
as far as the model is concerned, but is probably due
to the approximations involved, the above analysis
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shows that they break down going below ~T • TheК
situation is even worse for the ground-state models, 
where drastio deviations from experiments were found 
(star et at 1972) , the good agreement claimed by 
Heeger ( 1969 )is caused by impurity interaction effects*
In this situation one mus abandon the hope for a per­
fect agreement between theory and experiment and it 
is more useful to inspect the temperature regions 
where the physioal properties are determined by the
same temperature dependences, even though the origin 
d e p e n d e n c e  s и ~fu|!<j и ю Л  er-i-t oocA ш~ТЪс/о -fc«?*» pefa-W **<.
8 £  tton—  essential in this respects the T^>T_and T<<rr^
behaviours of the various alloys. The s-d model as
a firm theoretical background where the formulas are
expected to work can be used only to aooount for the
T » T  properties, for ~T«TV we use the assumption к к
of a simple single partidé like resonance to arrive 
at a common physioal picture.
The high energy behaviours are controlled by logarithmio 
dependences, the most famous of them is the logarithmio 
inorease of the resisitivity with decreasing tempera­
ture. Clear-cut logarithmic behaviours are expected
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however only at T^T^the successive leading logarith­
mic terms are important even at temperatures one or 
two orders of magnitude larger than • This feature
of the logarithmio approximation provides merely a 
warning towards eoperimentalists, that only alloys
with very low T  are suitable for a straight comparisionК
with perturbational expressions, and strictly speaking 
only alloys of noble metals with Ш  impurities(where
T k is much less than 1 °Kjare suitable in this res­
pect. Indeed, logarithmic temperature dependences over 
broad temperature intervals were found only in these 
cases, and equation (4.19) fits the experimental re­
sults with reasonable coupling constants. No such
analysis is appropriate for d-bher cases where T l, isr\
larger than 1 °K. The Curie-Weiss behaviour of the 
susceptibility is in fact also in agreement with per­
turbational expressions based on the s-d model. Equa­
tion ^4.27^can be approximated with a Curie-Weiss form
over a broad temperature interval, with щ - <j fscs^ i)/i 'll
and 0 = 4. 5 T k , is given by equation(4.26)
Therefore the high temperature susceptibilities of 
’magnetic” impurities discussed in section 5.2 are in
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agreement with a logarithmic behaviour af this para­
meter. No valuable specific heat experiments related
to this question are available.
The overall behaviour of the properties is comple­
tely different from the high temperature logarithmic 
dependences, and by now it is generally accepted that 
the low energy processes are controlled by simple power
(T\o-> b e e n  ■|10r>'b de-WioK^tvoleA b y  awd. oh ^
laws on the temperature^ Furthermore, the temperature
dependences of the various physical parameters are tfee
-toм т  as for an interacting Fermi gas, iie.
^ ( rT)-=^Bkio)['1'( /q \ 1 resistivity
* ( £ 3 )—j— . T. 1 '9
Cv (V)- "gf L* _ J specific heat
X  CV) - X. [f'C'/of] susceptibility
uei heavj A « oo*ue и/йч.4- /fcecauie lx -t1?« peralut-f. -too.
The TBP is a liner function of the temperature, the 
magnitude is determined by the potential scattering 
background too. This behaviour of the transport, thermal 
and magnetic properties is well confirmed experimentally, 
in particular in CuT?e(G~zo Kj AuV oo К J
and AIMn (в^ 103 °k J • The characteristic temperatures 
are of the same order of magnitude, than the temperature
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where the magnetic nonmagnetic transition occurs at 
least for the first two cases thus giving evidence 
that the transition temperature and the width of the 
many body resonance are strongly correlated.
This change of regime from logarithmio to simple power 
laws is the basio unresolved question in this field, 
this contrasting behaviour at T^ >j> T~K and ~T <<Tk 
has generated the family of more sophisticated theore- 
thical techniques to attack the s-d model, these tech­
niques will be disoussed in chapter 6.
5.4.3 Correlation effeots in the Kondo state
As the Kondo type screening of the impurity spin is a 
long range correlation effect, with a characteristic
Cdistance Г, the nature of the Kondo state should>K kTK
be manifested in anomalous charge and spin perturbations 
around the impurity within this distance as discussed 
in sections 4.8 and 4.1o. Рог an impurity with 'T^ ~ 1 o°K
О Оthis distance is of about lo •A therefore this correla­
tion effect should be well observable by studyingtthe 
properties of the host by local methods. NMR is well 
suited for a such type of investigation and indeed
-  47 -
both the charge and spin perturbations were investigated 
with this technique.
The radial depencence of the charge perturbation has 
been fully investigated in Al-3d transition metal 
alloys, this perturbation is reflected through the 
quadrupole effects on the NMR signal. As discussed in 
Chapter 4.9 a strong depression of the charge pertur­
bation is expected within the characteristic distanoe 
I cTto w^en compared with the assymptotic Priedel ex­
pression, figure 2 3 . shows the radial dependence of the 
charge perturbation around Cr and Mn impurities in alu­
minium, the strong depression of ApCr) is evident 
in both cases. A comparision ( Berthier and Minier 1973) 
with the theory discussed in seotion 4.9. gives a
оcharacteristic distance t-vHCM and thus an average 
width Г4 0.5eV of the scattering amplitude. The 
significance of this result becomes clear, when oompared 
with other estimations of the width of the resonances
(i) It is definitely smaller than the single particle 
width A which is at least 1 eV for A1 based alloys.
(li) Г is much larger than the effetive width, A 
determined from the comparasition of the temperature 
dependence of the charge perturbation and resistivity 
(see section 5.4.2} .
The dilemma oan be resolved only by assuming that the 
resonanoe has a sharp top at <?р this is refleoted by 
the small A* however has long tails, therefore the 
average energy dependence sampled by the preasymptotio 
behaviour is weaker. This behaviour is in full agreement 
with the representation of figure 22/b and supplies 
the basio evidence, that the resonanoe in the Kondo 
state consists of both the broad single-partiole 
(Friedel-Anderson ] and.harrow many-body (Suhl-Abrikosov 
resonances).
The behaviour of the spatial distribution of the mag­
netization has been thoroughfully investigated in 
CpFe by various techniques, and various interpretations 
appeared from time to time to aocount for the observed 
anomalies. The experimental information has been supp­
lied by three techniques: macroscopio susceptibility,
MB on the iron impurities and host NMR measurements. 
Impurity interaction effects have a dominant role in 
this system, and the contribution of the single impuri­
ties to the measured behaviour has been separated only 
reoently. The experimental findigns oan be summarized 
as follows:
(i) The magrosoopio susoeptibility is given by a Curie- 
Weiss law down to 1 °K where is flattens off and oan be 
represented by a <"(J| dependence^ Thoulouse and 
Tournier k1969, Triplett and Phillips-197oJ .
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into a temperature dependent s—d coupling although 
this suggestion needs a confirmation from theoretical 
side« The spatial distribution of the polarization
however may be rather different from the correlation
—  ^ —ъfunction S ^  9 vvhioh is wxpeoted to have a
spatial distribution drastically different from the 
polarization. Unfortunately recent efforts to measure 
the correlation function itself by diffuse neutron 
scattering wbre not entisely succesful (кгоо and 
Szentirmay 1972, Bauer and Seitz 1972 )
By concluding it appears that the Kondo correlation 
effect influences the be^haviour of the oharge pertur­
bation around the impurities but does not affeot the 
polarization itself. This duality - although being 
partially resolved by the classical approaches of the 
Kondo effect discussed in chapter 4 - still awaits a 
theoretical clarification«
5.5 Relation between the single particle and many-body 
resonances•
Both the single partidé {Priedel-Ander son ) and many-body 
resonances of Abrikosov-Suhl type are well confirmed 
experimentally, however no relation has been demonstra­
ted to exsist between these two types of resonances. 
Intuitively it is clear that a large single particle
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into a temperature dependent s-d coupling although 
this suggestion needs a confirmation from theoretical 
side. The spatial distribution of the polarization 
however may be rather different from the correlation 
function <C S *3“ , which is wxpeoted to have a
spatial distribution drastioally different from the 
polarization. Unfortunately recent efforts to measure 
the correlation function itself by diffuse neutron 
scattering wbre not entisely succesful (Кгоо and 
Szentirmay 1972, Bauer and Seitz 1972 'j
By concluding it appears that the Kondo correlation 
effect influences the be^haviour of the charge pertur­
bation around the impurities but does not affect the 
polarization itself. This duality - although being 
partially resolved by the classical approaches of the 
Kondo effect discussed in chapter 4 - still awaits a 
theoretical clarification,
5.5 Relation between the single particle and many-body 
resonanoes•
Both the single partidé (Priedel-Anderson ) and many-body 
resonances of Abrikosov-Suhl type are well confirmed 
experimentally, however no relation has been demonstra­
ted to exsist between these two types of resonances. 
Intuitively it is clear that a large single particle
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density of states near 6F means that the many-body 
resonance, which should reach the charge neutrality
limit atT^D can be built up more easily, thus it is
width proportional to T  is larger. Looking at figureк
16, T  shuld have a minimum is the middle of the series. ^ К
The dependence of on the impurity, atomic number is
shown in figure 25 (see for example Heeger 1969 ,
Grüner 1974J for Au and Gu based alloys. The four 
orders of magnitude ohange of suggests a rather 
drastio dependence of the Kondo temperature on 
(U + ^ J  (£r) ■ • The connection between figure 
25 and 16 oan be further seen in figure 19, and then 
T, has a rather strong dependence onl>,
Even the non-degenerate Anderson model can explain this 
behaviour at least in a certain range of the parameters 
of the model. Namely the Schrieffer-Wolff transforma­
tion (equation 4.49) connects Í to the Anderson para­
meters U. and Л  and describes the behaviour of T -^  
when going through the 3d series, and then the expres­
sion of the Kondo temperature accounts for the wides­
pread у  values. Although the Schrieffer-Wolff trans­
formation works only for strongly magnetic cases, the
c (polenjial ocaiie n n<3 )
inclusion of nonresonant phase shifts4into the s-d mo­
del could be in principle used to extend the relation 
between the Anderson and s-d models.
/
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It should be mentioned that orbital degeneracy certainly 
plays an important role here, in fact the extension of 
the Schrieffer-Wolff transformation to orbitally dege­
nerate impurities shows that ±  ~ 4- and than the appli-/V 5tcation of Hund s rule explains the V shaped behaviour 
^  versus the impurity atomic number (Daybell 
and Steyert 1968]• This explanation however requires 
the Schrieffer-Wolff transformation to hold for oases 
other than Mn too and we have seen previously that this 
hypothesis is confirmed neither experimentally, йог 
theoretically.
In the light of the restricted validity of the Schrieffer- 
Wolff transformation the question about the validity 
of the s-d model itself has to be reised again. The mo­
del certainly works for strongly magnetio cases like 
CuMn, we believe however that the main features of the 
physics behind the s-d model survives also for inter- 
meditate situations like A1Ш  and goes over progressi­
vely to a HP nonmagnetic state with decreasing 
( ц + ^  ^ (£fj . The smooth transition from a spin-
—compensated ground state to a nonmagnetic state in 
HP sense can be visualized in the following way: the 
resonance in the Kondo state consists of *wo well se­
parated Priedel-Anderson resonances andna narrow 
Abrikosov-Suhl resonance. With decreasing 
( u + H ) ^  "the Priedel-And er son resonances move closer
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to each other, while the width of the Abrikosov-Suhl 
resonance increases rapidly. The distinction "between 
the two types of resonances is progressively smeared out,i
and finally for f u. + 4 J fey)«*! , the resonance looks 
like a single Lorentzian. This transition is smooth as 
it is similar to the magnetio-nonmagnetio transition as 
a funbtion of temperature. This transition may be in faot 
described with an s-d coupling sonstant which increases 
from the Sohrieffer-Wolff value to an unitarity limit 
as ( iá + 4 4-) рл cfF ) goes to zero. On experimental
grounds it seems that this value is given by 
i po (sF) = -i ( see for example Narath 1972) ,this 
suggestion however has not been confirmed yet theoreti­
cally.
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6», REGENT THEORETICAL DEVELOPMENTS: INFRARED 
DIVERGENCIES AMU SCALING LAWS
As we have discussed in the previous chapters the 
theoretical problemsto he solved are the low temperature 
behaviour in the s-d model and a unified theory 
describing simultaneuosly the narrow and broad 
resonances within the Anderson model. In the last few 
years considerable progress was achieved in the first 
field realizing the importance of infrared divergencies 
and scaling laws. This will be discussed along the main 
part of the present chapter, 'the second problem has 
been proved to be more difficult, and the functional 
integral approach of the Anderson model was hampered 
by mathematical difficulties, some remarks on this 
approach will be given in section 6.6.
6.1 Many particles in the intermediate states
Abrikosov’s theory where only the leading logarithmic
terms are considered breaks down as the Kondo temperature
ф is approached form high temperatures. As it has
been pointed out at the end of section 4.3, there
are two drawbacks in the leading logarithmic approximation
omission of all the imaginary parts and the restriction
to certain class of diagrams ( the parquet diagrams).
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The one particle intermediate etette approximation 
reviewed in section 4.4 suffers however, only form 
tne second simplification. As it was shown along the 
chapter 4, this theory of the Abrikosov-Suhl resonance 
is still satisfactory except in regions T »  T^ or 
|w| >> Tg, and is in contradiction with experimental 
findings, see chapter 5. The main part of thie chapter 
is devoted to those theories which were constructed 
to go beyond the one particle intermediate state 
approximation.
The milestone of this line is Anderson’s work (1967/b) 
where the ^ondo problem is related to infrared 
divergencies v/hich have already been a well-known 
phenomena in qunatum field theory. Namely, a finite 
energy loss of a particle may be associated with a 
creation of a very large or even infinite number of 
exciations if the energy spectrum of these exciations 
starts at zero energy. In the Kondo problem the 
relevant excittations are electron-rhole pairs with small 
energy. The production of a large number of these 
excitations leads to the importance of the many 
particle intermediate states.
We discuss first the problem of infrared divergencies 
and then its application to the Kondo effect.
The investigation of the latter problem was started 
using different approaches:
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(i) Anderson et al outlined a scaling theory for 
thermodynamical quantities in a series os papers 
(Yuval and Anderson 1970, Anderson Yuval and Hamann 
19 70/a, 1970/b and Anderson and Yuval 1971)
and the Hondo problem was related to one-dimensional 
models. This approach will be discussed in section 6.3.
(ii) Using the diagram representation Fazekas and 
Zawadowski (1969) demonstrated that one has to go 
beyond the "parquet" approximation, futhermore,
Maleev (1969) included electron-hole pairs in his 
dispersion theory. This line to discussed in section
4.4 Has been developed by making use of dynamical 
renormalization group (Zawadowski and Fowler 1970 
and Abrikosov and Iligdal 1970)’
(iii) Wilson's recent contribution to the phase 
transition theory ( see Wilson-Kohut 1973) which is 
based on renormalization group was followed by a
r
numerical treatment of the -^ ondo effect with great 
sucsess. We discuss this approach in section 6.5.
6.2 Infrared divergencies
In order to demonstrate the origin of the infrared 
divergencies occuring in difiernt physical problems 
Anderson (1967/b) considered a very simple case of 
a noninteracting electron gas in a well localized 
impurity potential V ( see Hamiltonian 4.6) and
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thereafter he compared the ground states corresponding
r,o the cases V#0 and V=0. The instructive conclusion
was that these two ground states have only a small
_  £overlap which goes to zero as fi ( £?o ) if the 
volume of the electron gas tends to infinite. Thus 
in case 9 . - oo the ground states are orthogonal to each other. 
This orthogonality is due to the fact that the ground 
state with potential can he expressed in terms of the 
unperturbed free electron states and the electron-hole 
pair excitations occur with large relative amplitudes, 
because these pairs can be excited with arbitrary small 
energies. One may conclude, that if a localized potential 
is suddenly changed then in the rearrangement of the 
electron gas an infinite number of electron-hole pairs 
are involved. The infrared divergencies has been 
presented by Hopefield (1969) in a simple manner.
Mahan (1967) has proposed a simple physical problem 
where this phenomenon results in measurable quantities, 
this is the X-ray absorbtion. In a metal the X-ray 
absorbtion problem means that a deeply lying electron 
of an atom is excited by X-ray into the continuum • 
above the Fermi level. The potential representing the atom 
is changed and due to this process a new 
arrengement in the electron gas is set up to screen 
this potential. The time-dependence of the rearrengement 
is reflected in the X-ray absorbtion spectrum near the 
threshold and shows a particular asymptotic behavious, 
namely, the remainder of the old arrengement dies out
according to some power function 1/t * instead of 
the exponential e. expected in general.
The theoretical formulation of this problem has a 
strong resamblance to the Abrikosov's pseudofermion 
representation of the impurity spin in the Xondo problem 
(see section 4.3) the deeply lying electron corresponds 
to the pseudofermion but withour (2S+l)-fold spin degene­
racy, and the interaction between the deeply lying 
electron and the conduction electron is spin independent. 
Nozieres et al (Roulet et al 1969 and Nozieres et al 
1 9 6 9) developed a theory based on diagram technique 
where not only the leading logarithmic but the 
next leading terms are considered too. Starting from 
the perturbation theory the vertex corrections due to 
parquet diagrams cancel each other as it has already 
been demonstrated in section 4.2 for the scattering 
amplitude in the second order. Moiover, additional vertex 
and self-energy corrections occur in third order of the 
perturbation theory, these diagrams are shown in 
figure 26. These diagrams give the skeletons for 
Nozieres's self-consistant theory. It is important to 
mention that in the X-ray problem the vertex and self­
energy corrections cancel each other again due to an 
exact identity of Ward-type, thus the strength 
of the scattering is not enhanced, as it does for 
resonant scattering..; In order to demonstrate the 
typical analytical functioanal forms achieved in the 
X—ray absorbtion problem we refer to the deep electron
/ ' \Green's function which is given by (Nozieres et al)
2
(6.1)
where CO is the energy measured from the absorbtion edge, 
the coupling g is proportional to the potential change,
I) is the width of the conduction band. The corredtion
This formula demonstrates how the summation of logarith­
mic terms results in simple power behaviour.
and De Domonicis (1969) shows that the X-ray absorbtion 
is actually a one-body problem where the non-interacting 
electrons move in a time-dependent potential associated 
with the excitation of the deep electron and this 
becomes obvious in time-dependent representation but 
is not trivial in energy repesentation. In this problem 
no resonance occurs. The time-dependent problem was 
solved exactly by Nozieres and De Domamicis and the 
result obtained are simila.r to those derived by per­
turbation theory if the coupling is replaced by cT /ft"  , 
wh re the phase shift cf corresponds to the scattering on 
the potential change. The response function of the 
X-ray absorbtion was derived which is exact in the
to tiie free propagator (v°)3^0ws UP as a
result of summation of typical logarithmic terms,
namely,
A more detailed study of the question gi\ren by Nozieres
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aaaymptotic region with respect the time variable and 
the correction term due to the potential change can
This exhibits again the typical power behaviour.
This correction, however, is asymptotical, because at 
small times t ~1/D the shape of the conduction band has 
an important role and this cut-off problem was 
treated in an oversimplified way. Finally, we mention/ 
for strong coupling the diagram technique breaks down 
because further classes of diagrams enters into the 
problem and already the"envelope" diagram shown in figure 
27 is not included, -thus the extension of the theory 
in a digramraatic way seems to be too complicated.
be v/ritten as
(6.3)
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6.3 Thermodynamical scaling
Ar demon and Yuval ( Yuval and Anderson 197o and Anderson, 
Yuval and Hamann 197o/a J called the attention to the im­
portance of the infrared divergencies in the Kondo effect 
arguing in the following way. First of all an anisotropic 
Kondo model was introduced where the two terms in the 
Hamiltonian (4,4 ) have different amplitudes, thus
H 4 - н г +  H+ ( M j '
where t_ ^  1
* (6 .5 ;
И = - 2, q „ a + S’ a * a ]t - 1 »a ict kt ki-j (6.6;
whith coupling constants Jz and J+ for the spin conser­
ving and spin-flip terms, respectively, (in Anderson’s 
v/orks the coupling constants introduced are different by 
the factor -2;>If the z-component of the spin is fixed 
then Hz has an effect on the electron gas like a spin-de­
pendent static impurity potential. The spin-flip due to 
H+ is associated with a sudden change of the potential. 
Therefore, one spin-flip corresponds to the problem dis­
cussed by Nozieres and De Dominicis (1969) in connection 
with the X-ray absorption. Their exact asymptotic solu­
tion can be directly applied; In the Kondo problem, how­
ever, there is a sequence of spin-flip processes, and the 
necessary generalization was given by Yuval and Anderson 
(197o) in a very elegant mathematical form working with 
determinants built up from time dependent Green’s
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functions. They succeeded to give the partition function 
in a close«! form by evaluating those determinants. The 
result can be written as
where and c/^  ^ are the conduction electron phase shifts 
in the cases where the conduction electron spin is parallel
depend only on • The partition function is given as a 
product of integrals. As we have already mentioned at the 
end of the previous section, the solution given by
because of the approximate cut-off procedure applied.
In order to avoid this difficulty time intervals proceeding 
the spin-flips are eliminated by modifying the upper limits 
of the integrals. The approximate nature of this procedure 
does not lead to any serious problem as far as the total 
length of these spurious intervals is negligible compared 
to the total path of the integrals thus the spin-flips 
are not too frequent. Studying of the form of the parti­
tion function given by equation (6,7) Anderson and Yuval 
realized that this partition function corresponds to a 
classical problem at the same time.
and antiparallei. to the impurity spin and с and c/^
Nozieres and De Dominicis breaks down at short time ^
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In this classical problem a line of length /Ъ is divided 
into rods alternatively charged with positive and negative 
signs. The interaction between the charges shows logarith­
mic dependence on the distance as C- i ) 1  ^ U ^  —
and the strength of the interaction is given by (г-с)
The ’’chemical potential" for the boundary points is pro­
portional to the spin-flip amlitude J+ standing in front 
of the integrals. Although the classical problem looks very 
simple, this partition function can not be exactly treated» 
It is interesting to note, that by transforming the inte­
grals into suras a one-dimensional Ising problem is achieved 
(Anderson and Yuval 1971 ) with long-range interaction of
ptype 1/r associated with next neighbour interaction as 
well which has interest on its own right»
In order to study this partition function Anderson and 
Yuval turned to the scaling with respect to the conduction 
electron band width i.e. the inverse of the short time 
cut off f \ The idea is to change 'l' by d T  and afterwards 
to modify the coupling strengths J+ and £ in such a way 
that the partition function remains invariant. This program 
was worked out and it can be presented in a very simple 
way (see Anderson, Yuval and Hamann 197o/bJ , however here 
we restrict ourselves to the discussion of the scalling 
properties, which are given by the following scalling 
equations
d'C£ . 0 - £ ) V < - W „ )  ] (2ítr)— t
ъ  г
(6.9)
(б .lo)
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where in the weak coupling limit r and б Л
is an invariant quantity under the scaling. The scaling 
curves are shown in figure 28. with arrows indicating 
the direction of increasing T . The isotropic case scales 
along the straight lines, and for ferromagnetic coupling 
the scaling shows toward the weak coupling limit, in the 
antiferromagnetic case however toward the strong coupling 
regime.
The scaling curves below the straight lines connect an 
Ising type model (^=о) with the anisotropic Kondo problem. 
The Anderson-Yuval scaling is exact in the weak coupling 
limit but with increasing coupling strength the spin-flip 
processes become dense in expression 6.7 and more accu­
rate treatment of the cut-off may be required as it was 
emphasized by Anderson, Yuval and Hamann (l97o/a ) • This 
problem will be discussed in section 6.7 in connection with 
the value of the Kondo temperature.
The most important consequence of this scaling theory 
is that the coupling strength becomes infinite along the 
antiferromagnetic scaling lines. The argument is based on 
the fact that the problem is related to one-dimensional 
problems in which there should not be any singular behaviour 
at finite coupling, thus there is no singular point on 
the scaling plane in which the curves may end, thus they 
go to infinity ^see e.g. Anderson 1972 and Fowler 1972) . 
This relies on the plausible assumption that the connection
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between the Kondo problem and one-dimensional systems 
holds even in the strong coupling limit.
Finally, we should mention that studying the special 
case of M  Toulouse (^ 1969 ) realized that this l^mit is 
exactly solvable. This "Toulouse limit" can be represented 
by a vertical line on the antiferromagnetic side of the 
scaling plane somewhere in the medium strong coupling 
regime of J . It is believed that the scaling into the 
"Toulouse limit" may be a key to solve the Kondo problem, 
numerical predictions however have not yet been obtained 
in that way. The situation becomes more complicated by the 
fact, that it is not clear how accurate the expression
6.7 itself is in the strong coupling limit ( cut-off 
procedure).
Emery and Luther (1971) worked out a theory which is in 
many sences similar to those discussed above, however, 
there are smaller discrepancies as well. They transformed 
the problem in another one, where the spin is interacting 
with a Boson field and the treatment is based on the long 
time approximation introduced by Nozieres and <Эе Pominicis
(1969).I
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ratures like in the X-ray absorption problem (see e.g. 
equation 6 »l) and a power dependence is left. The 
Nozieres method has been applied by several other 
authors among them Murata (1971) and Fukushima (1 9 7 1 J 
to the Kondo problem. It is worth mentioning that these 
theories provide a T —  •depencence for the low
temperature resistivity, but this square form is rather 
dubious because it relies entirely on the self-consistent 
parquet approximation which breaks down there. To in­
clude the imaginary parts, as well, seems to be a rather 
hopeless problem at least in this theory.
To sura up a certain class of diagrams in logari thmic 
problems the renormalization group method is very 
adequate ( Bogoliubov and Shirkov 1959 )and it may lead 
to scalings. On the other hand, Anderson (l97o ) has 
suggested a very simple scaling idea. First, because 
of its simplicity, this elementary scaling will be 
presented in a form geieralizea by Sólyom aid Zawadowski 
(1973 ) to make it capable of taking into account many 
particle intermediate states.
The conduction electron scattering amplitude is consi­
dered in Schrödinger perturbation theory, and the 
amplitude is normalized according to the norm of the 
initial and final states \i> and | f>with momenta к and 
k* being near to the Fermi surface. This normalized 
scattering amplitude is
T  (Ф, *  , * j =
I 2  Jlf х -IS ( ; (6'12i
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This quantity is closely related to the effective 
coupling given by equation (6.11) . The scaling idea 
for a fixed energy со can be formulated as to change 
the conduction electron band width and the coupling 
constants by A D and AJ, , /1 J, respectively, in
such a way that the normalized scattering amplitude 
remain invariant, thus
Ъ Т ( « * й ; Ъ О ъ )  'ЭТ-f ы/3>; 4 )Э Т ( < * / Ъ \ , * Ь )
гv г>}+ г ft. (6.1?)
These equations (one in the isotropic and two in the 
anisotropic case) establish the scaling. If the deri­
vatives are known, effective ^ /D dependent coupling 
constants can be defined as the solutions of this 
equation, which agree for J+=J_ with the one intro­
duced by equation (6.11) . These derivatives are cal­
culated in Schrödinger perturbation theory. The first 
order scaling is achieved by calculating the numerator 
of expression (6.12) up to the second order and the 
effective coupling obtained is equivalent with the spin- 
-flip scattering amplitude in Abrikosov’s theory^ 
■furthermore, in the weak coupling limit with that deri­
ved in the Anderson-Yuval theory. In the second order 
scaling the numerator is calculated up to third order 
and the denominator up to second tht/s the diagrams in 
figure 27- are included as well. The differential equa­
tion obtained e.g. for the isotropic case is
(6.14)
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and the solution of this equation remain^ finite 
in the whole energy interval as it is shown by figure 
29., furthermore, its behaviour is smoother than the 
Abrikosov’s first-order scaling in agreement with the 
expectation discussed at the beginning of the present 
section.
The scaling idea can be summarized in such a way that the 
problem with large U  (to /d j and small J is equivalent 
with another one where 1и (^ /V ) is not so large but 
J becomes larger. The scaling can be formulated in terms 
of energy and cut-off as well and the temperature de­
pendence is similar to the energy dependence. As the 
summation of diagrams (e.g. the self-consistent parquet 
approximation) , the dynamical scaling also breaks down 
at large effective coupling thus at small energy and low 
temperature since the coefficients of equation (6.13 ) 
are calculated by using perturbation theory. It may be 
mentioned that in anisotropic case there is a singular 
point on the antiferromagnetic side of the scaling plane 
where all of the scaling curves run in. The existance 
of such singular point is rather dubious, see discussion 
at the end of section 6.3. Furthermore, by solving 
equation (6.14) for small energies it can be demonstra­
ted that the logarithmic behaviour is changed to power 
T^ and Co ^  dependence at o)~o and T= 0, but the square 
dependence is again doubtful.
Historically, the second order scaling has been first
17o -
derived on the basis of renormalization group by 
Zawadowski and Fowler (197o) and Abrikosov and Migdal
(l97o) , which method has been suggested by Gell-Mann 
and Low (see Bogoliubov and Shirkov 1959) and it has 
been proved1to be very adequate in case of logarithmic 
problems where scaling occurs (for a review see 
Zawadowski 1973 )• The main idea is as follows. The 
quantities in a Green’s function theory as the vertex 
Г (c*j ) pseudofermion and electron Green’s functions, (^) 
and Q  iw) respectively, furthermore the coupling con­
stant J are multiplied by arbitrary constant factors 
Z^, Z2 and Z^ in the following way
<*-***<£ ; Q->Zfí , Г'> г з Г—  ^-»*3*14^(6.15)
and this transformation leaves the mathemacil structure 
of the theory invariant. This transformation forms a 
continous symmetry group and this group properties are 
used. In logarithmic problems the analytical form of 
the new quantities is not altered by the transformation 
if the effective coupling defined by equation (6.11 ) 
is introduced thus e.g. for the function d(aj)
(|>) =  ' *) (6.16 J
As it is shown by Sólyom, this equation with energy 
independent Z holds even if the imaginary parts are 
included. For a continous group the infinitesimal 
transformation can be cast into the form of a Lie
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equation, which is given here for the effective coupling 
^frequently called invariant coupling )itself.
И
The expression on the right hand side of this equation 
is the infinitesimal generator of the group, where the 
effective coupling constant occurs in the argument. The 
actual calculation proceeds as (i) to calculate the 
generator for those cut-off values where 3) ~со (ii)to 
solve this equation. The main difficulty is that the 
infinitesimal generator can be determined only in frame­
work of perturbation theory, thus . })|*1 is assumed.
In the second order scaling the diagrams in figures lo. 
and 27. are considered (see e.g. Fowler and Zawadowski 
1971 ) and the scaling given by equation (_6.14 ) is re­
covered.
It is worth mentioning that recently Sakurai and 
Yoshimori (1975 ) combined the most advanced variational 
calculation for the ground state with the dynamical 
renormalization group discussed before and the following 
ground state energy was derived
Е ъ = -I/ «-«f {A//2íp.} (6.18 )
0
The ground state energy is associated with the Kondo 
temperature, as it scales the temperature dependence.
(6 .1 7 )
m»
l>a
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The result obtained is in accordance with the expection 
discussed at the beginning of this section, because it 
is much smaller than the Abrikosov’s expression 
l<~^^$exPÍAV**p^derived in leading logarithmic approxima­
tion. For further discussion see section 6.7.
Several consequencies of finite oj=-T*0
have been discussed by Abrikosov and Migdal (l97o).
In general the most striking question is whether the 
effective coupling tends to infinity or remains finite 
as со and T tends to zero, or in other words, whether 
there are singular points on the scaling plane or not, 
depending on that the infinitesimal generator has no 
zeros or it ha£. This question can not be settled in 
the present schema, because in the case of strong 
coupling these methods break down as it has been dis­
cussed before. The arguments at the end of section
6.4 and Wilson’s theory to be discussed in the next 
section prefer no singularity.
The dispersion theories with electron-hole pairs in the 
intermediate state see Maleev (1969 and 1971), Hübel (1971) 
seem to be even more complicated and it is hard to get 
reliable results.
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6.5 Wilson’s theory
Wilson (1973) realizing that renormalization group 
methods discussed in the previous section are not 
capable to solve the question whether the effective
coupling remains finite at T=0 and to =0 or not hasу
turned to a new formulation of the problem which 
allows to combine the renormalization group method 
with numerical computer calculations. It is obvious 
that such method should not rely on diagram represen­
tation. Wilson’s aim was to establish a wawe function 
calculation for the ground state and its low lying 
excitations and to determine the eigenvalues by some
t
numerical iteration procedure.
First of all he modified the Kondo model to fit his 
purposes. It was done in three steps:
(i) introducing a discretisation in the wave number of 
the conduction electron as (k-UF ) ~ ±  A ^ where A 
is an arbitrary number in order of two, and n is the 
new quantum number. By this step the conduction electron 
density of states is distorded which is compensated by 
making the coupling n-dependent in such way that the 
contribution of the low lying energy states (in the 
neighbourhood of the Fermi energy) to the free energy 
is not altered. The Hamiltonian considered is
H = z  Л'4' 0«r)- }(А+?Л)? Сб.<9)
и * о ,<5*
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where со
К ’ 2  Л° и* О.
(£20)
and (X and fc „.are the electron and hole annihilation‘V®’ „—9
operators, and S describes S=l/2.
(ii) a new set of basis functions is constructed by an 
iteration procedure in order to achieve a hopping 
Hamiltonian
и = £  A'h\ ( C f „ t<_ < irfer)- f.j
Y ^ ywhere is the creation operator on site nl. This
Hamiltonian has the form of a linear chain with sites 
labelled by h , the first term describes the hopping 
between different sites, furthermore, the second term 
shows that the impurity spin is coupled with those 
electrons sitting on site "0",
(iii) in a good approximation \ .
The main idea is that the hopping element far from 
the spin do not modify the spectrum in an essential 
way* Keeping only a few neighbours of the spin to 
retain only about 2oo-5oo states one could diagonalize 
the problem by computer* In the following step one 
more neighbour is included and about loo-Зоо states is 
dropped from those which have already been computed to
keep the same number of states as яЬ in the previous step*
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Diagonalizing again and again^performing 5o to 8 0  
iterations ^ reliable energy spectrum is obtained. 
Without going into details of the computation and 
accuracy, we confine ourselves only to the conclu­
sion. The spectrum obtained was compared with that 
which corresponds to a similar Hamiltonian but without 
the spin S and site n=0. It was turned out that these 
two spectra coincide with a great accury for the lowest 
states.
This result can be interpreted as if the impurity 
and the electron on site n= 0  were glued together with 
infinite coupling '4e^íu''0),ű0to form a singlet. The other 
electrons behave like a free gas because their energy 
is not strong enough to break this singlet formed on 
site n=0 .
In order to describe the excited states V/ilson intro­
duced a phenomenological extra Hamiltonian acting on 
the electron gas but not on the singlet. The parameters 
of this pseudo Hamiltonian have been fitted to repro­
duce the spectrum calculated numerically and, after­
wards, this spectrum has been extrapolated to excita­
tions with higher energies. In this way the heat 
capicity C M|9tT,o;and the magnetic susceptibility 
have been evaluated as well. The result can be summa­
rized as
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where к is the Boltzmann’s constant. This J-dependence
■3
is a result of numerical fit»of data obtained with 
different coupling strenth J.
Wilson’s theory strongly indicates that in the scaling 
theories 4 ^  should increase beyond any limit 
and that is widely accepted as the final answer.
The question of the Kondo temperature is left to section 
6.7. Furthermore it is still not clear what is the 
meaning of the "Toulouse limit" is this theory о
6.6 Functional integral method.
The functional integral method was hoped to fill the 
gap between the theories based on the s-d and Anderson 
models. The starting point is a mathematical identely
which holds even if "Ó" is an operator. This formula 
gives a possibility to linearize a squared terra in an
00cx
e
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exponent, but an additional integral occurs»
This formula may be applied to the calculation of 
partition function
A
2  ~  < \  [- í-г (T)] )  (6.25)
where fb  -  ~ - and ТГ is the complex time variable, 
furthermore, the interaction Hamiltonian is given in 
interaction representation. Having the integral with 
respect to X  in the partition function in equation 
(6.24 ) "a” would be X  -dependent and thus the integral 
becomes a functional integral.
The Anderson model is very appropriate for applying 
this identity as the Coulomb integral term U
can be written in the form of squared expressions in
✓different ways e.g.
U V c U Ö  \  + (6.26)
*
Applying the indentity discussed above for both terms 
a double functional integral is obtained. The idea be­
hind this formal step is that the interaction can be 
replaced by the problem of free particles moving in 
fluctuating classical fields acting on the nominations
and v\ -ц I I • Thus, tv/о lields act on 
(U A*
the charge and magnetization iluctuations respectively•
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There are, however, statistical weights for the 
lifferent field fluctuations to control the dynamical 
behaviour. In actual cases it is very hard to perform 
the functional integrals. The method in the context of 
the Anderson model was used by Evenson, Wang and 
Schrieffer (l97o) and Hamann (l97o) • The first succes 
has been that the H . F. solution can be easily recovered 
restricting the possible paths to the time independent 
one. It turned out, however, that it is very difficult 
to reproduce even a single logarithmic term by this 
method ( see discussion and further references at 
Amit and Kei ter 1973) • On the other hand, in the 
strongly magnetic regime of the Anderson model, Hamann 
(1 9 7 0 ) succeeded to relate this method to the Anderson- 
Yuval-Hamann scaling (see section 6 . 3  ) by evaluating 
the functional integral in a particular regime of the 
paths which correspond to the spin-flip scattering. 
Furthermore, Hertz (1971) applied this method in the 
non-raagnetic regime of the Anderson model to achieve 
scaling by eliminating the contribution of the highest 
frequency random field from the functional integral^ 
for further discussion see section 3«4 . Inspite of 
this success, the results remained far from the 
expectations. We may, finally, mention that Yoshiraori 
and Sakurai (I9 7 0 J applied this method to the s-d 
model and the most divergent terms were reproduced.
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6.7 Comporison and problems to be solved
Concerning the Anderson model the theoretical part of 
the problem has not been developed in a satisfactory 
manner. The study of the s—d model reached however, 
a stage where the phenomena have already been well 
understood and the theoretical description has improved 
in a significant way.
•
By taking the excitation of electron-hole pairs into 
considerations it has been demonstrated at least that 
the high temperature logarithmic behaviour is changing 
to a power dependence at low temperatures. The weak 
coupling problem becomes stronger by decreasing the 
temperature and according to the new developments in 
the theory the effective coupling tends to infinity 
at "T- ю  « 0 • The characteristic temperature where
the stronger effective coupling enters can be called 
the Kondo temperature. Starting from high temperature 
the new T, can be defined as the temperature where 
according to the dynamical scaling laws (equation 6.14) 
the medium strong coupling occurs e.g. where 
0.2 < < o S % This can be easily determined by using
equation Q6.14 ) and calculating the corresponding 
energy value u> -= W.T^  , thus one finds
löo
This expression seems to be in agreement with the 
expression of the binding energy derived by 
Gakurai and Yoshimori ('1973 ) given by equation (6.18 ) 
and furthermore, with the susceptibility fitting 
Wilson’s numerical results (see equation 6.22) as 
the binding energy and the inverse susceptibility are 
expected to be proportional to the characteristic 
scaling temperature. It disagrees, however, with that 
obtained from the thermodynamical scaling laws by 
Anderson and Array tage ( Anderson 1973 ) where the factor 
( о. 1р0/А/ ) г is replaced by (г -fjo0 /л/J Ъ>г • This is probably 
due to the approximate treatment of the cut-off pro­
cedure which may play a crucial role in the case of 
stronger coupling. Summarizing this result, we may
. fw _fch e u x e a U  c o ^ p i i ^ c j  l i r v n t
conclude, that*the expression given above is correct 
and it predicts a much smaller Kondo temperature than 
that securing in the one particle intermediate state 
approach see equation 4«2p .
For low temperature the dynamics is not yet worked out.
On the basis of Wilson’s new result that at T=0 the 
impurity is glued to the electron at the site n=0 in 
hopping model, it is expected, that at T=0 all of the 
physical properties are analytical and simple power 
expansions are adaquate. Hence, the electrical resisti­
vity should be given by a simple Sommerteid expansion, 
thu3 it should show a T -dependence ( see for further 
di scussion Anderson 1973 and Fowler 1972 ) . This be­
haviour at low temperature may be called spin fluctuation
181
in the sence that the thermal fluctuations in the 
Kondo state result in the appearance of a small magnetic 
moment* The T -dependence"^«»' LSF theory based on the 
existence of localized paramagnons (see discussion in 
section 3*3). It must be, however, emphasized that the 
detailed dynamics producing the resonance with Lorentzian 
behaviour at small energies are rather different in the 
two theories* Therefore, although there are formal 
similarities and in both cases there are thermal fluc­
tuations in fa non-raagnetic states the ground states in the 
two models are so different that the parameters of the 
resonances can be connected only in a formal way but 
without physical ground*
Considering the future, the main task is to find a
theoretical description and more detailed justification
at
for the Lorantzian behaviour <з£ the top of the Abrikosov- 
Suhl resonance*
/
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7.CONCLUSIONS
In this review we confined ourselves to those aspects 
of the dilute alloy problem which were important for the 
understanding of the resonance formation,and therefore 
many questions,rather interesting on their own right,were 
not discussed аз they are not related directly to this 
problem.
In particular the behaviour of the impurities in a 
superconducting metal was not mentioned,mainly because it 
appears,that the formation of the resonances is the result 
of more complicated processes than in normal metals,as the 
host density of states exhibits a charactersitic structure 
the energy gap near to the Fermi energy,and a high density 
of states near to the treshold of the gap.As the Kondo tempe­
rature can be larger or smaller that the superconducting 
transition temperature T ,widely diverging phenomena are 
expected,and found,depending on the ratio of the two charac­
teristic temperatures.The experimental status is reviewed by 
Rizzuto (1 9 7 4) the theoretical developments by Müller-Hart­
mann (1 9 7 4)»An other field,which attracted wide interest, 
but was not discussed here,is the metal - metal oxide - me­
tal junctions with paramagnetic impurities in or near to the 
barrier. The physical phenomena are twofold-.the impurity assis­
ted tunneling suggested by Appelbaum (1967) and the change
(to or cn J
of the electron density of states n e a r ^  the impurity layer, 
the latter can be discussed in a similar way than for a single 
impurity (for references see Mezei and Zawadowski 1971b).The 
sample preparation however is rather difficult,and therefore 
the real cause of the anomalies found in the I-V characteris­
tics is still unclear.The relaxation pheomena in dilute alloys
v/eré also not discussed,in spite of it was believed for a 
long time that these pheomena can give rather valuable infor­
mation on the dinamical behaviour of the impurities.lt appe­
ars howewer that the s—d interaction has not a dominant role 
here,because the spin of the impurity and the conduction elec- 
rons enters into the dynamics as a whole,if the gyromagnetic 
factors are the same, this effect is known as "bottleneck'!The 
experiments howewer give information on the spin-lattice relax  ^
ation (see for example Monod and Schultz 1968).The same can 
be said for the dynamical susceptibility (see Götze and Sch- 
lottmann 1973 and references cited therein),which is connec­
ted to the neutron scattering experiments,which should show
V°nne,,a maximum at energyN~V'ncar kT^ . (Gurgieshvili et al 1969).The 
effect of magnetic field on the Kondo scattering was not 
reviewed too,and only the giant negative magnetoresistance was 
mentioned.lt is howewer clear,that an external magnetic field 
makes the spin-flip scattering inelastic,and therefore the 
effect of external field should show up in side bands near 
to the energy yu.H,the internal magnetic field due to impurity-
impurity interactions leads to similar effects.1
The other aspect which was left out is the influence 
of anysotropy,crystalline field splitting,spin-ordit inter­
action, and the influence of the orbital degeneracy on the. 
Kondo scattering.lt appears that while these effects may lead 
to a slight modification of the scattering problem,they do 
not play such a crucial role here than for impurities with an 
unfilled 4f shell.Furthermore it appears,that the orbital 
degeneracy is not fundamental and the non—degenerate model 
works well if one replaces U, by LI  + ^ j- »although the
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theoretical background for this is not clear.
Phenomenological models which attempt to account for 
the Hondo behaviour should also be mentioned,in particular 
Souletie’s (197o) suggestion that the tenperature dependences 
of the transport properties can be described by temperature 
dependent phase shifts (T) ,which correspond to the non-mag- 
netic HP spolution at T=0 and to a magnetic HF solution at 
T»T^.It is clear that a phase shift analysis works at zero 
temperature,and also gives some information on the scattering 
at very high temperatures when spin-flip is roperly inclu­
ded.A description in terms of phase shifts is howewer questi­
onable at low temperatures,if it is used to account for tem­
perature dependent effects.Assuming that the scattering amp­
litude is an analytic function of T around 0°K,one can make 
a power expansion of Equation (4.34).Keeping only the one 
particle scattering amplitudes,the temperature dependence has 
a leading T term and futhermore if l^l^can be neglected in 
(4.34) then |t| can be expressed, in terms of the pháse shift<fctj, what 
means that 'T does not contain linear terms„This howewer 
has no firm theoretical background.
In spite of many theoretical details of the Kondo problem 
are still unsolved we believe that the formation and the natu­
re of the narrow and broad resonances is basically understood.
Among questions v/hich still await a solution ,thc experimental 
evidence of the spatial distribution of the conduction elec- 
ron - impurity spin correlation function discussed in section
4.10 should be mentioned.Theoretically the most important
question remained is to work out tha dynamical scaling laws 
*rn order to describe the to of the Abrikosov-Suhl resonance 
and to justify it’s T or coz dependence,such calculation
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would also give the electrical resistivity for example.
Finally one should stress thatjalfehough the dilute alloy 
problem can be regarded as perhaps the most beautiful examp­
le how localization and delocalization occurs,and how single 
particle and many particle resonances combine together,the 
main concepts are not unique and can be applied for other 
branches of physics.In particular chemisorption and molecu­
lar reactions were discussed using rather similar models 
and theoretical methods.As far as the progress towards the 
understanding of the broader aspects of 3d magnetism is 
concerned definite steps have been taken for the description 
of more concentrated disordered alloys (which are often called 
spin glasses, see for example Coles 1973) or ordered interme- 
tallic compounds (Caplin and Dunlop 1973).In both cases the 
Kondo behaviour is combined with interaction effects,thus 
giving rise to a broader variety of phenomena than in the case 
of single impurities.Investigations of such systems may also 
bridge the gap between the two well studied aspects of metallic
Imagnetism:the Kondo effect and the highly correlated elec—
ron gas.
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Pig. 9•General form of the conduction electron - impurity- 
spin vertex function with one electron or hole excitation 
in the interme' '.ate state.The solid line represents electr­
ons the dotted line the pseudofermions and the circle is 
the vertex.
Pig.10 a.The first order corrections to the vertex.
10 b.The second order corrections to the vertex.(the 
directions of the lines are not indicated).
Fig. 11 •Energy dependence of the phase shifts for up and 
down spin electrons in Anderson's construction of the ground 
state.The solid line is the HP solution and the dotted line 
represents the modification due to the Kondo effect-.
Pig.12.The two possible processes (i) and (ii) of the scatte­
ring of a conduction electron on a singly occupied impurity- 
level. The shaded region is the Fermi sea,the d-levels are 
labeled by 'd' and the transitions are shown by double arrows. 
The black circles are the electrons taking part in the scatte­
ring.
Fig.13.Amplitude of the charge perturbation a  (v) as a func­
tion of .The parameter ^ c characteri­
zes the position of the resonance (Mezei and Grüner 1972).
Fig.14.Radial dependence of the charge perturbation derived 
from the s—d model (Bloomfield et al 1969).
Fig.15.A schematic plot of the scattering amplitude (solid 
line) which shows a structure with a width at the Fermi
level.At distances -v--* the charge perturbation amplitu­
de Ol ( y ) is related to a scattering amplitude ^6*0 smeared 
out on a scale (dotted Line).
Fig.16•Virtual bound states of 3d impurities in gold infer­
red from the optical experiments.
-1 9 6 -
CAPTIONS
Fig.1.Potential around the impurity with a deep hole in the
/ CL 4- A )center and with a potential barrier ' eThe position of
the resonance is also represented.
Fig.2.Extra density of states associated with an iron impu­
rity in copper.(Anderson and McMillan 1967).
Fig.3.Self-consistency plot of <n _ >  versus <  n + >
(i) typical magnetic case with ^/л =5, £<*/u = - VZ .
(ii) A non-magnetic case, ^/д = <L , £-d/u -  .
З.Ъ. Magnetic and non-magnetic regimes as a function of 
(*VtГл ) and ~ /ti .
Fig.4.The density of d-states for the two spin directions (? 
and - <5" in the HF approximation.The total density of states 
is represented by the dotted line.The occupied regions are 
shaded in different ways.
Fig.5.The simplest diagrams which contribute to the electron- 
-electron (a) and electron-hole (b) correlations.The solid 
lines represent electrons or holes,the Coulomb interaction 
is represented by dotted lines.
Fig.6. HF density of states as a function of energy for a 
magnetic case.The density of states at the Fermi level as 
predicted by the charge neutrality (small circles) are shown 
for Fe,Mn and Cr impurities.
Fig.7.The two possible modifications of the HF density of 
states for T=0 which satisfies the charge neutrality condition. 
Fig.8.Two time ordered diagrams corresponding to the conduc­
tion electron scattering amplitude in second order of pertur­
bation theory.The solid lines represent electrons оt  holes 
the dotted lines with a cross at the end the exchange inter­
action.
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Fig.9 .General Form of the conduction electron - impurity 
spin vertex function with one electron or hole excitation 
in the intermediate state.The solid line represents electr­
ons the dotted line the pseudofermions and the circle is 
the vertex.
Fig.10 a.The first order corrections to the vertex.
10 b.The second order corrections to the vertex.(the 
directions of the lines are not indicated).
Fig. 11.Einergy dependence of the phase shifts for up and 
down spin electrons in Anderson's construction of the ground 
state.The solid lino is the HF solution and the dotted line 
represents the modification due to the Kondo effectr 
Fig.12.The two possible processes (i) and (ii) of the scatte­
ring of a conduction electron on a singly occupied impurity 
level.The shaded region is the Fermi sea,the d-levels are 
labeled by 'd' and the transitions are shown by double arrows. 
The black circles are the electrons taking part in the scatte­
ring.
Fig.13.Amplitude of the charge perturbation a ( y ) as a func­
tion of .The parameter > c ^ ^  characteri­
zes the position of the resonance (Mezei and Grüner 1972).
Fig.14.Radial dependence of the charge perturbation derived 
from the s—d model (Bloomfield et al 1969).
Fig.15.A schematic plot of the scattering amplitude (solid 
line) which shows a structure with a width at the Fermi
level.At distances £згсо charge perturbation amplitu­
de a(r) is related to a scattering amplitude -fc( ^ ) smeared 
out on a scale <5oj (dotted Line).
Fig.16.Virtual bound states of 3d impurities in gold infer­
red from the optical experiments.
Fig,17.Room temperature impurity resistivities in Au and 
Cu based alloys.
Fig.18.Impurity resistivities at T=930°K in A1 based alloys 
(Kedves et al 1973).
Fig.19. ^  values evaluated from the line broadening of
the host NMR signal.
Fig.20.Temperature dependence of R in various alloys in a 
reduced temperature scale (Rizzuto et al 1973). •
Fig.21.Temperature dependence of the effective moment in 
AuV alloys (van Dam et al 1972).
Fig.22.Impurity resistivities normalized to the 'Rq
values extrapolated to T=0 for Au,Cu and Al alloys.(Grüner and
Zawadowsli 1972).
Fig.23.Temperature dependence of the impurity resistivity in 
Cu Au, Fe alloys (Loram et al 1969)*.л. I “A
Fig.24.Radial dependence of the charge perturbation around 
Mn and Cr impurities in aluminium.The full line is calculated 
with Г  =0 .5eV as explained in the text (From Berthier and 
Minier 1973).
Fig.25.Kondo temperatures of 3d impurities in Cu and Au 
hosts.For references see Rizzuto (1 9 7 4) and Gruner(1974)
Fig.26. Self-energy and vertex correction which are not 
included in the parquet approximation in thisrd order of the 
perturbation theory.
Fig.27. The "envelope" diagram which is beyond the scope of
the X-ray absorbtion theory worked out by Nozieres et al (1969).
the
Fig.28. Anderson-Yuval scaling curves for anisotropic Rondo 
problem. The straight line corresponds to the isotropic case 
and the arrows indicate the scaling directions,
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Fig. 29. rlot "if the invariant coupling as a function of 
energy in dynamical scaling law. Dotted line: Abrikosov*s result, 
solid line: result obtained with infinitesimal generator cal­
culated up to second order.
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